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A New Lower Bound For Completion Time Distribution Function of

Stochastic PERT Networks

M. Rabbani, K. Rezaie, M. M. Lotfi and M. Abadi
Assistant Professor, Industrial Engineering Department, Faculty of Engineering, Tehran University,
Former Graduate Student of Industrial Engineering

Abstract: 1n this paper, a new method for developing a lower bound on exact completion time distribution function of
stochastic PERT networks is provided that is based on simplifying the structure of this type of network. The designed
mechanism simplifies network structure by arc duplication so that network distribution function can be calculated only
with convolution and multiplication. The selection of duplicable arcs in this method differs from that of Dodin’s so that it
must be considered a different method. In this method, best duplicable arcs are adopted using a new mechanism. It is
proved that duplicating numbers is minimized by this method. The distribution function of this method is a lower bound
on exact network distribution function and an upper bound on distribution function of Dodin’s and Kleindorfer’s
methods. After the algorithm for the method is presented, its efficiency is discussed and illustration examples will be used
to Compare numerical results from this method with those from exact network distribution and Dodin’s method.
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. PERT — path technique

98]

1. Adlakha, V. G., and Kulkarni, V. G., “A Classified
Bibliography of Research on Stochastic PERT
Networks: 1966-1987,” INFOR, Vol. 27, no. 3,
1989.

2. Lau, Hon-Shiang, and Somarajan, C., “A Proposal
on Improved Procedures for Estimating Task-Time
Distributions in PERT,” European Journal of
Operational Reserach, Vol. 85, pp. 39-52, 1995.

3. Selvidge, J., “Assessing the Extermes of
probability Distributions by the Fractile Mehod,”
Decision Science, Vol. 11, pp. 493-502, 1980.

4. Lau, H. A, Lau, H., and Zhang, Y., “A Simple and
Logical Alternative for Making PERT Time
Estimates,” IIE Transactions, Vol. 28, pp., 183-
192, 1996.

5. Premachandra, I. M., “An Approximation of the
Activity Duration Distribution in Pert,” Computers
and Operations Research, Vol. 28, pp. 443-452,
2001

6. Soroush, H. M., “The Most Critical Path in a
PERT Network,” Journal of Operational Research
Society. Vol. 45, pp. 287-300, 1994.

W’/\Y’ )j‘l)‘@"‘;' 1.\ SJLQ-AZV LVV dl.w Ldm‘

(\ LYY))‘bﬂ (W 5)5 Cl;u\ 4.{.‘.:' S LSJLM:;JLQLAA Sy
\AAJ)L‘.: "Li"\’- &})J‘ ebLﬂ.:.»\L:‘\sbﬁ_lb)b .5)_.:' J—x&l}-
b alie L Tadad o8 ils ol ot (5lwcisle 5,5

UD ZHpmp 5 DO <Dy (1) ozl Bl (gods
2095 S 3,58 e sl e C,L:J (V) Jed= 3 ¥ Jls
U Sl ol OLS sbml 4 30 55 8 4 S d )
kl»-m‘ P8 Y 4_51|)\ c.,\_:|4_§n_~:v M QLA) é.\_;J tﬂ)j;
CJ[::.:)_A C)_w”u.a;-l_.}})‘ uflv})}i A_M..iuxjjja.‘_,a A
osla ] “ 5B Hlide a Caid BBy e I bl =l

oS s a8 Sy e odaliv (V)dsds ol .ol s

02093 oo b awslis 3 1y 6 e o Ses Ll O1S 5505
S ol Gl @ L Ol S sl c)_ul_(.a LS e sl

R

MUoj‘ K]
4. design of expriments
5. interdictive graph
=y

7. Soroush, H. M., “Risk Taking in Stochastic PERT
Network,” European Journal of Operation
Research, Vol. 67, pp. 221-241, 1993.

8. Schmidt, C.W. and Grossmann, I. E., “The Exact
Time Distribution of a Project with Uncertain Task
Durations,” FEuropean Journal of Operational
Research, Vol. 126, pp. 614-636, 2000.

9. Dodin, B., and Sirvance, M., “Stochastic Networks
and the Extreme Value Distribution,” Computers
and Operations Research, Vol. 17, no. 4, pp. 397-
409, 1990.

10. Ord, J. K., “A Simple Approximation to the
Completion Time Distribution for a PERT
Network,” Journal. of Operational Research.
Society, Vol. 42, no. 11, 1991.

11. Cox, M. A., “Simple Normal Approximation to the
Completion Time Distribution for a PERT
Network,” International Journal of Project
Management, Vol. 13, no. 4, pp. 265-270, 1995.

12. Bendell, A., Solomin, D., and Carter, J. M.,
“Evaluating Project Completion Times When
Activity Times Are Erlang Distributed,” Journal of

¢

PDF created with pdfFactory trial version www.pdffactory.com



http://jcme.iut.ac.ir/article-1-302-fa.html

Downloaded from jcme.iut.ac.ir at 19:53 IRDT on Tuesday September 19th 2017

13.

14.

15.

the Operational Research Society, Vol. 46,
pp- 867-882, 1995.

Magott, J. and Skudlarski, K., “Estimating the
Mean Completion Time of PERT Networks with
Exponentially Distributed Durations of Activities,”
European Journal of Operational Research,
Vol. 71, pp. 70-791, 993.

Mehrotra, K., Chai, J., and Pillutla, S., “A Study of
Approximating the Moments of the Job
Completion Time in PERT Networks,” Journal of
Operations Management, Vol. 14, no. 3,
pp. 277-289,1996.

Mummolol, G., “Measuring Uncertainty and
Criticality in Network Planning by PERT Path
Technique,” International Journal of Project
Management, Vol. 15 no. 6, pp. 377-387, 1997.

16.

17.

18.

19.

20.

Elamghraby, S. E., “On the Criticality and
Sensivity in Activity Networks,” European
Journal of Operational Reserch, Vol. 127, pp. 220-
238, 2000.

Bowman, R. A., “Efficient Estimation of Arc
Criticalities in Stochastic Activity Networks,”
Management Science, Vol. 41 no. 1, pp. 58-67.
1995.

Dodin, B., “Reducibility of Stochastic Networks,”
OMEGA, Vol. 13. no.3, pp. 223-232.

Dodin, B. M. “Bounding the Project Completion
Time Distribution in PERT Networks,” Operations
Research, Vol. 33. no. 4, pp. 862-881, 1985.
Kleindorfer, G. B., “Bounding Distribution for a
Stochastic ~ Acyclic  Network,”  Operations
Research, Vol. 19. no. 7, pp. 1586-1601, 1971.

S 9
: Degree o, Sl
515 GNLA) oK) oIS

A b yme Wasles isy s Deggree(i) 5lis) .S awlows |, Deggree(i) 5 [A(D)| AG) (B()| B(i):V, eN _¥ oS

B= Max{Deggree(i) |i € N} Las )l 3Y ¢l§

s WS J))AA&.Z)D
SEAECH, o ,,SI

S| =S aas 500 S

oSS B s (L) €ST s p e tal st 3 s p ol ), SN o8 Sp =@ S1Y L6

455 | 1 1y PARALLEL) oz, K1 Y 1S
: PARALLEL,; oz, S|

sV 5 s, SEARCH) 2y, SIY oL S ey 5 §) =8 —{(i,))} 23 5 ADNA) =D 51— il

.l.u;:utg

X=A@)NAG), PG =PGEL)+T 05,13 [ADNAG)| =1 S- o
i3, SEARCH, 25 KUY 418 4 5 ST = 8] —{(1, )} ns 515 cdl Sl 5 Sl aw 51 S n ST -

AX)|>1- [B(X)|>2

s SEARCH, (20 Y (S w5 S =) —{LDLPAJ) =PI +1 aas 5 JAC) NAG =D 517 o

10

Ji});_v_utgmﬁ'))yd|f9)2

W’/\Y’ )j‘l)‘@"‘;' 1.\ SJLQ-AZV LVV dl.w Ldm‘

PDF created with pdfFactory trial version www.pdffactory.com



http://jcme.iut.ac.ir/article-1-302-fa.html

Downloaded from jcme.iut.ac.ir at 19:53 IRDT on Tuesday September 19th 2017

Vool s X=Y 5 Y= AX)NAG), PGALJ)=Pa)+]1 ss 5 JAX) MA@ 2D SI_v_

35

43S Jos e 5 PN =PELD+2 aas 53 JAD NAG) =2 8-z

X<Y S U=AQ) =X, Y} as yli-V oz

A5 53 X Sl S il b 53 s SEARCH) (2, S Y o 5 ST =S{ = {(i,))} was )13 U=d SI_v_

U=U—{X} w03 54,5

wo S Y W8 4 5 S =S L)) s L3 U= 51801 wil S5, 5 s o 5l K a SIoY c

o Yoz p8 a5 XY w3 Ssse pl ik 55 s SEARCH,

BX)|>2- JAX)>1-

e B L RS T I

LS e oo ol b 53 s Vo 2 plS a5 XEY PP das 53 AX)RY SIo fl o

A0

Coye ol 3 hsn = Vo g o8 e s Z= AK)NAG) < PP w3 AX) S AG) SIoo - -

Yoz B s XaY s 3 R=D SISOl R=1{ge AG), q2 YA(Q) = AX)} L 13 (A 2 A())

oge Gl e saes

EARCH, o=, 801 Y oS ey 5 87 =87 —{(i,))},P(i,)) = P(i,j) +1 4—ss 1,5 [B(Y)[>2 ;, YeR ,_ 8 -
s

oS w5 ST =8 —{L.)} 5 PGLI)=P)+2 kes 15 JAY) =15 [B(Y)=[B(q))=2 3qeR:YeB(q) S

45, SEARCH, oz, 81 Y

L - Yoz B s XY s 5 e e )

Spo ) g 53 sy SEARCH, o3, S0 Y ol w5 S) =87 —{(1,))} e 13 < [A)[>1 4 [BX)|>3 SI-v_ ¢

~~\wf.—°—c¢l§~.

—Y ¢l§

SEARCH, o2,,S01 Y o8 & 5 S =) ~{(i.))} 5 QG.j) =Minfkk € A(Df Las J5 JADNAG] =D 1

Lsp o 8w ool e s

1S Jas e 5 QL) = X3P ) = PE)+1 X =[AD N AQG) 403,15 [AD N AG) =1 S1-

i3, SEARCH, o2, KUY 418 4 5 ST = 8] —{(1, )} 4as 513 cdl S5 5 Sl aw 51 S n ST -

Yo flE w s il e s  AK)NAG) =@ - AX)| >1- [B(X)[>2-
Ji}f\_gJ(aKM}X:Y} YZA(X)(-\A(I) LP(I’J):P(I’J)+1 MJ)\;E_V_;_)

R e U=A®{)NAG) = jLu2, .. ,u‘U‘} s 3 JADNAG]>T S - 2
S

YWAY o e ) aplad OOY Jle (Dl .

PDF created with pdfFactory trial version www.pdffactory.com



http://jcme.iut.ac.ir/article-1-302-fa.html

Pl =Py=.=Py=0n=1 s 5\ ¢

U=U—{u,} a5 3508 Sl u, elU oS o

4 on=ntl das S5 Sso pl b s s 0oz U= )§|ol§QTM>'C)ﬁ)'¢Jl>MJ'\&JAJ§\_W‘_C
.,\J_)ﬁY_C(al_f

spt oz e a e il E s AU MA@ =D - |A(uy)[>1- [B(u,)[>2-
.,\J_,ﬁt“_ctl_fg))(:un X =A(u,)NAQ), Pp=P+1 a5t~

:J:A:)bé_o_c

S Y o 4 5 81 =S]—{(0,9)} QG j) = Minju, [P, =Max{Pl,PZ,...,P‘U‘},P(i,j)=Max{P1,P2,...,P‘U‘}}+1
&5 » SEARCH,

S o tiloen ST =] assams slasls sl 1 ($3lpe Sllas slass |3 Joad Sles 5 4 4x 5 L PARALLRL o2y, S
SAG =2 Qs s sl ilecislas js K Lyl 5 Pi) Satli alos o500 o 3 ooy Sl 5 a4 55 L
4 gazes slajls 5 Degree ooy Sl il b es o) sS) cpl o e oa 3 Il 53l 10 il slize oa |AGj)|>2
Siloislan 5l $3lse Sllas G OT b 4 ey a3 0 S Oy ja )l ool Sy 5 A e 4LS' S
Aas e il dsly SO 1 P(L) el sl dleel LB (i)

SEARCH; 5,5l

ST=8" das jl 30 ¢l§

eSS s s 1 (1 ]) €8T Jlsn Sopoinl of 53 s g ool i, SINY (8 4 ST =D SI-Y 8

S 1 ST S

PPARALLEL, 2 ;5

S es i Soseipl 8 s s s Y (al_fg |B(i)|>2 Sy (;Lf

< o8 @ osopnl w8 3 s SEARCH, (o, SUIY (S w0 5 ST =8] —{,))} a2 05 BINABH =D 31
s

X =B(j)"B(i) sP@j= PGt s 5 [BG)NBH| =1 31- <

Downloaded from jcme.iut.ac.ir at 19:53 IRDT on Tuesday September 19th 2017

i3, SEARCH, 2, S0 Y o8 w5 ST =87 —{(1, )} a5 515 Al Sl o5 Sl aw 51 G pn ST -0

s Yool w Shse ol i s B(X)NB() = ©,B(X)NB(j) =@ - BX)|>1- [AX)[>2-

8 0> s SEARCH, o2, SUY oS & 5 ST =87 —{(i,))} 5 P(j)= P+ a5 13 BEONBH =D 31 v - o
LspY oo 6@4_3 IR

L 3X=Y 5 Y =B(X)NB() «Pij)=Plj)t] s a5 5 BX)NB(j)#2® . SI- Y. o
TR SV F ¢l§

S e i 5 PAJ= P2 205 L3 (B NB() =2| S1- ~

X>Y s U=B()={X,Y} 423 I3V - =

v VAT e o) 6yled VY Jlu oSl

PDF created with pdfFactory trial version www.pdffactory.com



http://jcme.iut.ac.ir/article-1-302-fa.html

Downloaded from jcme.iut.ac.ir at 19:53 IRDT on Tuesday September 19th 2017

JE_.:)J UX)‘JJJ. Q)M(ﬁ‘ﬁ)i .,\.i)).:SEARCHz ﬁ)ﬂ\“ <=l§4_:) S{'=S{'—{(1,J)} J:AJ)‘;E LU:(D )j\_ Y _ C
U=U-{X} doas 15 5 45
S o8 w5 ST =ST—{(0, )} ars 5 U =@ 8180l il 5, s a5 51 S 8 ST 2

Ji});Y_CtKM}X:Y J:AJ)‘;E Q)M(ﬁ‘ﬁ)i L.,\::_‘)JJSEARCHZ
AX)|>2- [BX)|>1-

R e L KT U
oot b > sVl g S s Z=B(X) M B(j) PGP dns S5 BOO=Y L SI_ 6 -
Y fS s XEY s 3 R=D L S1SeT R = {geB(), q2 Y[B(q) = B(X)} a5 (B(X) 2 B(j))

o3l 8 53 s

S P S ST =8 —{(L,))} PP A3 S [AY)>2 s YeR S -
45 ,: SEARCH,

ST =S/ —{(L. 1)} s P(i)=PAj+2 a5 3 [B(Y) =1 s|A(Y)| =|A(@)|=2 3qeR:YeB(q) S -
3 SEARCH, oz, S Y o8 o,

.,\J_:ﬁﬁ\‘_ctl_fg X=Ydas )13 s 55 ol e 55 -

RIPJOL JUPSC TP o AR WS ) IR U

Spoin) g 53 sy SEARCH, oy KUY o8 & 5 ST = ST —{(1,))f es 13 BXO[>1 L [AX)| >3 SI-v_

.,\J_)ﬁo_cvl_fg

Y8

SEARCH, 02,801 Y o8 « 5 Sf =87 -{G,j)} s QG,j) :Min{k|k e B(i)} was 5 BGNBH =@ 3I— il

Lsp o p8 4 Do inl s s

LS Jes i 5 Q=IX) P(Aj)= P+ X =B(j) NB() Las 3 [BG)NBH =1 Si_ o

i3, SEARCH, (25 KUY o8 4 5 ST =87 —{(1, )} sons 515 il 55 o5 b aw 51 G S1oY o

oY oo flS w ohsenl i s B(X)NB(j) = O, BX)|>1- |AX)|[>2-

sy 2o b G XSY Y =BX)NB() «Plij)= Pt e 5T - o

Jos o os W > u > Uy S U=B@{nAG) =y, .. ,u‘U‘} s 13 BGABGE|>1 8- o

S

Pl =Py=.=Py=0n=1 a5\ ¢

U=U-{u,} ds i3 58 bslbu, eU o S_Y_

asnmntl Aas I3 s opl b 3 ks 0oz (8 U= SIS0l aas &) o5 b an 31 a SI_Y o -

s bo g 8 e oo ol i s B(u)NB() =@ - [B(u,)>1- |A(u,)[>2-

VWA g0 e ) 8oled Y Jlu oDl A

PDF created with pdfFactory trial version www.pdffactory.com



http://jcme.iut.ac.ir/article-1-302-fa.html

..\J_)ﬂY’_C¢l§4{)X=un X:B(un)f'\B(J), PHZPH'FI J:AJ)‘;E_i_C

:J:A:)bé_o_c

;':"’.)ji'“ Y (’K o S? = S? - {(1,_])} ‘Q(lﬂ.]) = Max{un|Pn = MaX{Pl:PZ:'--:P‘U‘},P(i:j) = MaX{Pl:PZ:'--:P‘U‘}}-Fl
45 » SEARCH,

Downloaded from jcme.iut.ac.ir at 19:53 IRDT on Tuesday September 19th 2017

-‘d\ W’/\Y’ )j‘l)‘@"‘;' L\ SJLQ-A:V LYV JLN Ldm‘

PDF created with pdfFactory trial version www.pdffactory.com



http://jcme.iut.ac.ir/article-1-302-fa.html

