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Analysis of Thin-Walled Structures Using
Torsional-Bending Elements

H. Haji-Kazemi and M. Arab

Department of Civil Engineering, Ferdowsi University of Mashhad

Navy Force of Islamic Republic of Iran

ABSTRACT- In this paper a new element for analysis of thin-walled structures is presented, and the effects of
secondary shear stresses on longitudinal displacements are examined. Since the Interpolation Functions are
based on non-uniform torsional differential equations, the analysis of stiffness matrix is facilitated. Therefore,
its ability to produce accurate results with the least number of elements is considerably improved.
Furtheremore, this element can be used in the analysis of all kinds of thin-walled, straight or curved beams

with open or closed sections.
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[ke] = [kg,] + [koy] + [ko]

S, Sy -8, S,

[Ke,]=GJ Sy -Sy S
Sym S, -Sy

Sy

A, 4, -4, A,

[Koy] =Elw 4. Ay A
A, A,

Sym Ay

C, CY -C, Y

[Koy] =G(Ip'J B) G G G
C\ 'CY
Sym C,

K, K K, K

[Ke]= Ke Ky K

K, K

Sym K

K,=GIS,+Ely 4,+G(I, - Jg)C, K,=GISy+El, A, +G(I, - Ip)Cy
Ky=GIS+Ely A+ G(I, - I)Cy K(=GIS,+Ely A +G(I, - Ip)Cy

2
s;t e (a+b-a) -rabe™ (a+b-d)-rabe T (a-b-a)- ye W (a-b- @)
+YH[a"(vb" ")+ vady"+y"(b" - d")+b(va’ - a(td+y)+dy))}

SY=—/-\‘i)—{erH7'(a+b-d)(H(b-d)-c+s+ 1)-tef(Hab(b-d)-a(b(c-Ys-\) +d(c-1))
+(b-d)(bs-d)(c-\ )+ 'fye'Hy(Hab(b +d)-a(b(c+ vs-1)-d(c-\))+(bs-d(c-\ ) (b+d))
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+ye 1Y (@-b-d)(H(b-+d)-c-s+\ )+ YH(Q( b s-b(fcd+y)-vy's
+ vy (dys-b(cy-d-y)+a(Abs+(y-£d)(c-1))-bs(fd-y)+d(¥d- y)(c-\))}

= \p e (H(b-d)-cHs+1) At (bs-d(c-\ ) (H(b-d)-c+s+)1)
+Ae W (bs-d(c-\)) (H(b-d)-c+s+\)-ye “Hy(H(b+d)-c-s+1) "+ (Hy(07-d")
+H(vdys-b(vey-d-vy)+ H(¥b's"-bs(¥ed+y)+c'(vd +y")
-cp(d-+ y)b-Yd" +y(d-y(1-5) ")) +s(¥bs+(y-¥d)(c-\))}

= ‘ {ye*HV(H(b d)-c+s+1)(Ha+es-1)+ vel?((cs-1)(@(c-1 )-bs+d(c-1))
Ha(b(c+s )+ Yd(1-¢))+ e T (Hab(c-s- 1)+ Yd(c-1))-(c+s-1)-(ale-)
bs+d(e-1))+ye Y (H(b+d)-c-s+1)(Ha-c-s+1 )+ v(YH ady’
HY(a(b+ Yys)+ Yp(ds-b(c-1))+H(a(tbes+(fed+ fd-y) (\-¢)+y(bs-vyc'
+c(d+$y)-d+ Yp(sT- 1))+ Ys(Ya(e-\)-Ybs+(vd-y)(c- )}

A\=—/—\\i)—{yaYeYH7’(a+b+d)Y-ya‘e"H"(a-b-d)Y-i-fya‘(Hy(u+b-d)+b(d—a))}
A= {ya‘e‘HV(a+b d)(H(b-d)-c+s+\)+ya"e " (a-b-d)(H(b+d)-c-5+1)
Yya T(vyyH (@d+ (b -d")+H(a(b-vys)+ Y(dys-b(yc+d-y)))+a(\-c) +bs+d(c-\)) }
Ar=—/-\5{ya " (H(b-0)-c+s+ ) ya e (Hb+d)-c+s+1) -epa (7H (b"-d")
+H(a(b-vys)+ Yy(b(c-\)-ds))-H(@(c-\ ) +bs+ YTy +c(d-¥p)-d(\-s "))+ Ys(c-\)) }
A\C=X‘I—)-{ya e‘H”(H(b -d)-c+s+\)(Ha+c-s- \)+ya'e WH(H(b+d)-c+s+ \)(Ha-c-s+1)
-ypa’( YH‘“ady+HY (a(b-yys)+ yy(b(c-\)-ds))-H(a(c-\)+bs+ vyc' +c(d-ty)-d
+Yp(s™- 1))+ ¥s(e- 1)}

C, =${e‘ﬂy(a-y)‘(a+b-d)*-e'*HV(u-y)*(a-b-d)‘-f(u-y)*(Hy(a+b-d) (a-b-d)+b(a-d))}

C, ———{eYHV(a ) (@+b-d)(H(b-d)-c+s+ 1)+ W (@) (@-b-dy(H(b+d)- c+s+1)
+‘\‘((1+/) (YH y(ﬁd+\bY ' )-H(a(b+ yys)+ v(b(cy-d-y)-dys))+a(c-1)- bs+d(\ )}

Cp= {e M (g9) (H(b-d)-c+s+ 1) e (@) Hb+d)-c-s+1) +¥(a-y) (H‘“ ®"-d"
+HY(Ydya-b(\’cy d-vy))-H(bs-yc +c(d+ YY)~ d+y(q -\)+s(c-\)}

c‘=7\%}7{eYHV(a-y)*(H(b-d)-c+s+ \)+ (Ha+es-\)+e " (@) (Hb+d)-cs+1)

YFVY g 565 N oyl VY Jle o Joat AY



x(Ha-c-s+ 1)+ y(a-y)"(YH ady-H"(a(b+ yys)+ yy(ds-b(c-\)))+H(a(c-\)
+bs-ycy+c(d+¥y)- d+vp(s'-1)+Yvs(1-c)}

a=@y+a ,  p=(Hab+a(c-\)+bs+d(c-\)
c= cosh(yH) , s=sinh(yH) , b=sa , d=ca

Jolan a8 slasly
M, = M, = m(z) %
Mg(z), = W;P e (Ha-cs+1) - et (Ha-cs-\)} +(H a(c+1)-YHys+v(c-1))}

Mp(z)y =-Mg(2),
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