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An Efficient Algorithm for Reducing the Duality Gap in a Special Class 
of the Knapsack Problem

K. Eshghi and H. Djavanshir
Industrial Engineering Department, Sharif University of Technology

Science and Research Branch, Islamic Azad University

Abstract: A special class of the knapsack problem is called the separable nonlinear knapsack problem. This problem has 
received considerable attention recently because of its numerous applications. Dynamic programming is one of the basic 
approaches for solving this problem. Unfortunately, the size of state-pace will dramatically increase and cause the dimensionality 
problem. In this paper, an efficient algorithm is developed to find surrogate multipliers in each stage of dynamic
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programming in order to transform the original problem to a single constraint problem called surrogate problem. The upper and 
lower bounds obtained by solving the surrogate problem can eliminate a large number of state variables in dynamic programming 
and extremely reduce the duality gap according to our computational results.

Keywords: Separable knapsack problem, Surrogate constraints, Dynamic programming
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               �:/H�! �:G 2�:G�/?�+�� P Y<�:B! ]�:=! � *�:0J�< ��$��!  �:<

K�L   *! E?�! 2$�NL    < @	��< �? �+��  �     �:1 ":#��$ *�_	

     �0/< *�0J�< �/ �? ;�F �/?�+�� P �G       Z:/+ 	 2��0/< YWB! ��  �:<

�1"�	 ��#�J .

   *! 	 ��! ;�	  @	�? K�L �<    b:�  ��4:-!  �:!�+�<     $�:X 2Z:�

             $�:1 2O�:- �! Z:/+ b:� � �A:L 2�G�/H�! �< e/\L .  ;:�	 $

   �J	 K�Lrjk      �/?�+�� P "0J�< @	Z/! 	 k    �:/H�! O	 >	 j �>	 aijk

     �/?�+�� P ]�=! @	Z/! 	k     �/H�! O	 >	 j    B! O	 � >	   YWi    C�:# >	 

 *! �I/B1   �!�+�< ��! "AJ @	�?  2Z�0-1 ��4-!SNKP   RT� �< 

"�	 ��O �f P@ �=�6	 �< 	ZOKP*! I/!�+ :

R = Max ∑ ∑= =

n

1j

k

2k
j rjk  xjk

∑ ∑= =

n

1j

k

2k
j aijk xjk ≤ bi  i = 1, 2, …, m )�(

∑
=

jk

2k

       xjk   <1  j = 1 , 2 , … , n )
(

xjk =0,1 k = 1 , 2 , … , kj , j = 1 , 2 , … , n )((

ZOKP

 *�L	 2����$��\!SNKP       M:�$ 2����$��:\! R/T0? )� ( 	

$ZOKP *! �BG$ .  ;/Bg�G2	�<   U�,�+	 O	 2�/J���     O	 h/:< 

     M�$ 2����$��\! ��/H�! �G O	 �/?�+�� P b�)i (D�� �#�F	 �+	

  �1>�+ �<�+�J�Bj hB�ZJ 2����$��\! 
 *:! D�/!�+  �+�:� .  �:��<

      R��W? �< �1 �� �P$��SNKP �< RT� �/?�+�� P �a�< " d/G >�3+	

�1"     ��/H�! �G O	  R/ $ �<   �T+P E�	�F     Y<�? $ �j �k�<�! �/H�! 

    �j � ]�G     �"�	 �AL ����$��\! $ �k �<     ��:! O	 �1$�6 

ZOKP  *! ]8_     d/G U�,�+	 >�X � $��    2�:G�/?�+�� P O	 b�



 ��� ������	
� ���� �� � ���	 ���������(&��l

   � ZB! �< ��/H�! b�m �/?�+�� P "  �1 d/G >�3+	 ""�	) .  �/B1 ���?

   "�$��\! �1)i ( K�L �<   ":�	 2��-!�+  (.      R:<�n �:1 �:g+P

       $�N<	 R��W? ;�	 �< �"�	 ���?��4-! <   �    *:! oZ:< K�� �:� $

 ��::! �::J	 �::1 	�::jSNKP R!�::� 	 m� "�$��::\! n �::/H�! 

I/�=?       �:G �1 I/B1 C�# 2�/J     p�:/J I/�:=? �:/H�! 2		$L

�/?�+�� P) �/?�+�� P U�-�_	 �<"  �:1 d/:G >�3+	" ( :��<�@P  D�:J

  ��!ZOKP    @P �$�N!   R:/ $ �<            b:� �:/H�! �:G 2	O	 �:< �:T+P 

  2		$ "::�	$ �::G	�6 	 �::+�J�Bj hB�Z::J "�$��::\!m+n 

 � "�$��\!n(L-1)$�< �G	�6 �/H�!  .

A:BC��4D �E�$ �����

��4-! SNKPR/ $ �<    �:< @P R��:W? ":/�<�n  �T:�  M:��,! 2��

  D$��:-J $�<�1            2�:B< �:�$�< �Y<�:B! [/:=,? Rq�:-! $ 2	

      ;/Bg�G � r�< K�N��F ����!�����s+2�G �!�+�<     $�:X 2Z:�

   $	$ ���9 � e/\L]([ .   q		 �k�6 ;/�G �<     	�1 r� b� �2	�<

   ��\! O	 2�/-< �s+ $�! O�<��$ O	 @P R_�"�	 D$�< @ .  ��:0/<

           ���9 2Z� �!�+�< r� O	 D$�A��	 �< *T�! ���� ;�	2	�<  R_ 

SNKP    R:/ $ �:< �:!	 �B�-G     ": �_ �:/H�! $�:N<	 �:� (  O�:/+ �

v�#  �s#�_ �< D$�N 	m�+��	       ���--J 2�G�/H�! �< Rq�-! $�! $ 

 �+P E�7	       �< ��B? � D�� ��<� "�$��\! �< �	      $�:N<	 �:< Rq�-! 2

  	��	 R<�n bj�1 �-G �B .   	�:�<	  Y:��! $]w [ *����:V 	 2	�:<

  �!�+�< Rq�-! R_         hG�:1 2�x# b� $ 2�N< �Bj 2���9 2Z�

��#�� m " �_ �/H�!>�+ �<Imbedded – State Space �:q		 �:�  .

yz::::�Y::::��! $ ]( [ *����::::V 	 *::::k $>�::::+ �::::<

(M & MDP)  $�:T�� "/�<�nImbedded – State  ;�#�:� $ 	 

 B/�< U	��{   Rq�-! SNKP    @�:0+   �:� D$	$ .    ��:� @�:�G $  �:<

�N��?m    �:< >�:��! *����:V 	Hybrid DP / B&B  O	 D$�A�:�	 

 r�B & B2	�<  �:s#�_ hG�:1 m     ��:! R:_ $ O�:/+ $�:! 

�!�+�<    $��B0/9 ���9 2Z���]�[   ���9 �< �1   m     :_ ;�:�	$ �< @P $��

  �9 � *�a�<�  �B/�< U	�� *B/m��4-!  *:!       2	�:1�/7 |�:�+ @	�:?

           ]8:_ ": �_ �:/H�! 2�x# O	 	 2��0/< $�:1  �:f      	Z:#	 >�:+ 

�::+��	2	MMDP D�::�	 ;::�	 O	 D$�A�::�	 �::<  $ � �::� }::_	�k

Y��!]
[�� D$	$ �N��?.

  �!�+�< $ �+�A���!m�+��	2	MMDP  *:�X     @P *�	�:1 I:7

  *�a�< $��_ ;/�,?  �9 � �*! >�3+	 M/NF �/-< �/ �	 *B/ �< ��

�+�J             R:<�n ~:���! � b:j�1 Rq�-! 2	�< ��B? I���V 	 �1 *�	

 $�< D$�A��	 .         *#$�:=? U�,�+	 �*�a�< �_ ;�#�� 2	�< r� b�

         � ����$��\! ���� O	 @$�1 �s+ ]�L � ����$��\! O	 *T� ��B?

  R_��4-!          �_ ;//N? 2	�< @P O	 RL�_ *��$��\! b?   *�a�:<

    ":�	 �:B/�< U	�� .           Rq�:-! O	 *:L�6 Ka�:_ $ r� ;:�	

SNKP �::��� O	 ��4::-!*�::09 �:: �1 �)�Y::��! $]�[ $�::! 

                *�a�:< �:_ $ *1�:+	 �/��:? �< $�n ��B? �!	 ��#�J 	�n *��<

"�	 .   ;/�G �<R/ $            ;:�	 $ 2�:V�$ 2�:�T/BT? *:��< >�Z:  

   *:! ��-_	 �5<	           ��:\! O	 D$�A�:�	 �:��� O	 �:1 �:� 2����$

;/::0+���  ::��\! �::��? $�::! �::1 "::�	� Y::n	� @�::� . $

        �1 "�$��\! b� ~��? ����$��\! >��? ;/0+�� 2����$��\!

      �/ �	 2����$��\! *56 E/1�? O	 "�$ �<  *:!     ;�ZV��:� �:�P

*!��   ;�	 �< �1 ��+    I�$�n �! �1�<   R_ ��4-!     *��$��:\! b:? 

 *�a�< �_)�9 Z/+ ��*B/ (��4-!*�L	 SNKP! 	  �W��\I/B1 .

 Y:::��! $]& [ � Q�:::B�! p�3�:::-� r� E:::/f�? �:::<

�!�+�<        R:_ p	�:< }�� *56 pZ� ��4:-!ZOKP   ": �_ $

   �f }L�6�+�J�Bj hB�ZJ 2����$��\! �q		 $	�+ $���  �:� .

 Y��! $]�[          R:_ p	�:< }:�� Z:/+  ��4:-!SNKP   ": �_ $

           ":�	 D�:� }_	�k I�	$ "�$��\! �� ��B? @P$ �f }L�6 .

 ! $  Y��]� [ D��< �<   O	 2�/J�!�+�<     �:��9 pZ:�   O� �:< r� �

     �9 � *�a�< �_ @$�P $/�     >�:+ ":\? *����V 	 *B"   I���:V 	

  D�� ��L	 ���W��G"  $	$ �N��?  �� D .  $ �18! I���V 	  	�:�<	 

   �9 � *�a�< $��_�*B/  }! ;//N?   �+��    2Z:� �!�+�< R_ ;�F �

  ���9��4-!      ��VB? $��_ ;�	 �*�L	      " �_ 2�G�/H�! �� � D��

  }! �Bf 	�B�6�� .     2�:G�/H�! �:� $��:_ r� ;�	 �< �j �J	

 �B1 " �_�? *!    *�+ O�BG ;T/  �$��     2$�:�O �/-< hG�1 �+	�?

::< 	 ��$�P $�::� .;::�	 O	:: ��! ;::�	 $ �D�::�< �::< � O	 p�::/J



�� ��� ������	
� ���� �� ��� ���	 �������(&�

  �::< ;/::0+�� p����$��::\!  �::�VB? $��::_ ;�#�::� p����::n �

*!I�O	$�9.

F:0"� G���Imbedded – State

 I���::V 	Imbedded – State 2	�::< R::_ r� b::� ��4::-!

SNKP              �:< �:/+	�? *! @P �< R!�1 *��B�P �sB! �< �1 ���< *! 

Y::�	�!](� w[ �::N�	�! �::/B1 . �::/�1 ��::�	 r� ;::�	 @�::j

   �? �1 "�	 *�����  @�B12	�<     R_ $ $�W�< ��4-!SNKP   �:< 

 �!�+�< b�1    �N��? ���9 2Z� D�� D$	$        �:< �:=�6	 �:< �":�	

*! @P e/F�?I�O	$�9 .   �:X��3! 	�:�<	 $ r� ;:�	 $ G j  �:<

K�L*! M��N? ��O $�� :

Gj= {gj | gj = [a1j (xj) , a2j(xj) ,….,amj(xj)] ,∀ xj ∈Sj }

 $;�	$�T�� $ " �_ �/H�! 2�x# K�LImbedded – State

 2	�<j*! M��N? ��O E/?�? �< ��_�! ;/!	 ��$:

F1 = G1
, nFj = Gj OGj -1              j = 2 , 3 , …

 �?	�9	 O	 �sB! @P $ �1“ O” O	 �=BX �G Q��3! Gj   �:G �:< 

   O	 �=BXGj-1     $ $�:��! �:L�BX >�:�? 2	�< � Gj � Gj-1  ":�	 .

  ;�	�<�B<Fj     ": �_ �:/H�! ;:T�! 2�x# *!��?   R:_	�! 2	�:< 	

��
  � ...  �n *! �<$      >�3+	 �< ���< �1 $�/J2��+�!OP  ��:Wn R<�n 

@$�<w  ;��	$ v�A? ���<�� $�W�< .  �:3/�+ $ @�:!OP   ��:Wn R:<�n 

     �:X��3! ��Wn R<�n�/7 �L�BX �@$�<Fj )       	�:�! �:1 2�:L�BX

      ":�	 ��:0/< Y<�B! 2$���! @	Z/! O	 ��+P Y<�B! ]�=! (  ]8:_

D��    O	 2	 �X��3! �          �:�_�! �G $ ��Wn R<�n |��+    ":�$ �:<

*!��P .�J	 Fj⊆f
j F < 	 �   O	 ��:Wn R:<�n |��+ �X��3! @	�BX

$ " �_ �/H�! ;T�! 2�x#j  M��N? ��_�! ;/!	I/B1 ;:�	 $ �

K�L :

F f
j = { 

′
jg  | ′

jg ∈(Gj OGj-1) , ′
jg ≤ (b1,b2,….,bm)}

   	$�:< @P $ �:1( b1 , b2 ,… , bm )   Y<�:B! 2$�:��! ��$�:�! 

1 , 2 , … , m )"�	 "�� 	$�< (*! @�0+ 	�G$ .   2	�:�	 �:<

@�!OP             ": �_ �:/H�! ��:Wn R:<�n 2�x# O	 *k��+ Z/+ v�A?    �:1 

          ��:0/< Y<�B! ]�=! �< ���1 "0J�< 	��! 2		$) �:�  2��:-!  (

        ]8:_ ��B�-G |��+ ���� �< "W-+ *:! �+�:� . ;�	�<�:B<e
jF :<  �

 �X��3! @	�BX     � ��Wn R<�n |��+ O	 2	   	�:1   ":�$ �:<   �:G	�6 

�::!P .K�::WX �::<  $ �::X��3! ;::�	 �::V�$ j–�::�_�! ;/::!	 

F j⊆f
j F ⊆e

jF"�	 .

  �B+�! ��_�! �G $ ;�	�<�B<j      2�:x# |�:�+ �:/�1 �:��< 	�:�<	 

    " �_ �/H�! ;T�!Fj       >�:3+	 �:< yz:� � "#�� 	  @�:!OP  R:<�n 

 �:X��3! ��O � ]8_ 	 ��Wn R<�n�/7 |��+ �@$�< ��Wnf
jF 	 

  O	  @P "�$ �<         >�:3+	 �:< >�3+	�� � $�P  @�:!OP     |�:�+ �v�:A? 

�X��3! ��O � ]8_ Z/+ 	�1�/7e
j F $ 	j R_ O	 ��_�! ;/!	 

��4-! �!�+�<    ���9 2Z� "�$ �< $�P  .       �:< *�:-�-? �:B�P�# ;�	

2	O	j = 1 , 2 , … , n$ �1 *+�!O �? ��#�� �!	$	 n  �:�_�! ;/:!	 
e
nF"�$ �<��P  .  :X��3! Y:n	� $ �X��3! ;�	 �   |�:�+ �:/�1

 R_	�! 2	�< 	�1 � ��Wn R<�nj =1,2,….,n*! �< $ 	   � $�:/J

         �:5�+ �:X��3! ;:�	 $ 	8 )    *k�:�+ �:� � (      	�:�! ;���:0/< �:<

U	�� �]�G Y<�? "0J�<B/�< ���4-!*! @�0+ 	 �G$.

H:����� I2 ��J 

 *�L	 $�T�� @�j  I���:V 	 $Imbedded – State  r��:� 

     " �_ �/H�! 2�x# ;T�! 2��<	�� �/�1��4-!"�	  h�	Z:#	 �< �

   I/�:=? 2�G�/H�! $�N<	   $�:N<	 �2�:/J      Z:/+ ": �_ 2�:G�/H�!   �:<

K�::L*::! oZ::< 2�P >�::���  �::��k O	 �::j �::J	 � $�::�

2��+�!OP              2�:G�/H�! 2�:x# ;�:�	$ v�:A? � @$�:< ��:Wn R<�n 

   hG�1 2�_ �? " �_ *!   �!	 ��<�� oZ< R��-! $  	�:�! ;/�G

   �s#�_ I3_ $ Z/+   ����$ $ 2�G�+��	2�G   �:_ $ 2O��:!	 

"-/+ * ��N!.

I���V 	   $�:W�< �:sB! �< *��GImbedded – State  �N:��? 

      *! ���� O	 �1 "�	 D�� D$	$       � � ���W��G � 2������V 	 �< @	�?

    � D�� ��L	 ���W��G �     $ �:1 $�:1 D��	 �! 	 Y:�]�  �(�w [  �:<

"::�	 �::�# ;,::� @P $�::! $ R/::xA? .�::�	D ;::�	 $ *�::L	 

   �:��\? � U�N:0+	 r� �/A�? I���V 	(B&B)  $�:T�� �:< 

Imbedded – State   �:< �:1 *BN! ;��< �"�	   ":�$ �:< @$�P 



 ��� ������	
� ���� �� � ���	 ���������(&���

     � *�a�:< $��_ *B/��:9    2	�:<  ��4:-!        O	 2$�:�O I:3_ �*�:L	 

       �	 R_	�! @��G $ 	 	�1�/7 2��<	��     R:_ �:/ ��4:-!   ]8:_ 

    < �< yz� � D$�1  �>�VBG    ]8:_ ��18! $��_ 2O��   2�:�<	�� 

*! �!	$	 Z/+ 2�N< R_	�! 2	�< 	�1�/7�<�� .

 �3+P O	�*         O	 �v�# 2������V 	 $ �/ �	 $��_ ;//N? $ �1

 D$�� 2����  ��#�J D��< 2	*!$�� *�X �      $ *W:-+ $�:W�< I7

      $ IG O�< " �_ 2�G�/H�! ;T�! 2�x#       oZ:< $�:N<	 �< Rq�-! 

             �:�����V 	 ;:�	 � D�� $�3�	 �x# ;�	 $ *Tj�1 �̀�W-+ hG�1

 	�1�/7�B�-G .

      $ �":�	 I�:-! �1 �g+P ��4:-! �:!�+�<   �: �1 2Z:�  *�:09

 	�� *56�/7� ��89 *(SNKP)         �:/H�! 2�x# @�T!	 �_ �? ���< � 

                �:1 ":�	 @P �:< ��-<	� K�� �< I�! ;�	 � �<�� hG�1 " �_

 �	 $��_              �:�T�$Z+ �:B/�< U	�:� �:< �"�	 ;T�! �1 �3+P �? �/ 

               �:1 	 ": �_ �:/H�! �:G �L�BX O	 2��0/< $	�N? @	��< �? �B��<

 ]8_ ��B�-G 	�1�/7$�1 .

       *�� �q		 �� ��! ;�	 *�L	 ]�G2	�<   a�< $��_ ;//N? � *

 �9 ��    2	�< E��B! *B/ �1 �<  I���V 	 $ 2�/J"    ��L	 ���W��G 

D��" "�	  .�6��      R��W? r� ;�	 *�1 ���4-!      b:� �:< *�L	 

��4-!          $ $�:��! �	�:6 O	 D$�A�:�	 � *��$��\! b?  ��4:-!

 *��$��\! b?2	�< $��_ ;//N? ��4-!"�	 *�L	  .

       �1 �/B1 C�# ��0/< e/F�? 2	�<��4-!    RL�_ *��$��\! b? 

  O	��4-!SNKP    �1 	 ��4-!     I���+ *! ;/0+��  K�L �<   �:�O 

I/B1 M��N? �< � SPI/G$ @�0+ :

RSP = Max ∑
=

n

j 1

rj (xj)

s.t :

∑
=

m

i 1
∑
=

n

j 1

ui aij (xj) ≤ ∑
=

m

i 1

ui bi

∑
=

m

i 1

ui =1

ui ≥ 0 , i =1,….,m ,     xj ∈Sj = {1,2,….,L}
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 5�< A : ;/0+�� 	$�< ���X	"�$ �< p	�< D�!P ��4-!SNKP 

 �< @P R��W? � �RT��4-! ;/0+�� SP

  5�<F:   R_ ��4-!   ;/0+�� SP        	Z:#	 >�+ O	 D$�A��	 �< "  �:��W��G

 D�� ��L	 ."     U	�� �f }?�L $ ��4:-!    $ ;/:0+�� 

��4-!    v�L }�L	 �B1      �:B/�< U	�:�  ��4:-!    }�:L	   �:<

"�$      ;:�	 �/7 $ "�	 D�!P        � }�a�:< $��:_ K�:L

�9� p	�< }B/��4-!*! ;//N? }�L	 $��.

 5�<H :R_��4-!}�L	 SNKP  	Z#	 >�+ O	 D$�A��	 �< "  �:��W��G

D�� ��L	 " $��_ �"�$ �<RWn >�J O	 D�!P .
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x4

0
4
7
10
11

x3+

0
6
9
11
13

x2 +

0
3
4
5
6

x1 +

0
2
3
5
8

Max Z =

26<4x

0
5
6
9

10

x3 +

0
8

10
12
15

x2 +

0
7

10
12
14

x1 +

0
6
8
9

11

s.t. 

x4 ≤ 30

0
4
8

12
15

x3 +

0
6
8
9

12

x2 + 

0
4
6
8

10

x1 +

0
3
4
5
7

xj  =  ( 1 , 2 , 3 , 4 , 5 )

 	��<	��4-! 	 RT� �<��4-!LK*! R��W? I/B1  :

 Max Z  = 2x12 + 3x13 + 5x14 + 8x15 + 3x22 + 4x23 + 5x24 + 
6x25 +…+ 4x42 +7x43 +   10x44 +11x45

s.t. 
6x12 + 8x13 + 9x14 + 11x15 +… + 5x42 + 6x43 + 

9x44 + 10x45 ≤  26
3x12 + 4x13 + 5x14 + 7x15 + … + 4x42 + 8x43 + 

12x44 + 15x45 ≤  30
xij =(0,1)    ,     i = 1,….,4 , j = 2,….,5

 �::/B1 C�::# ��::_)
2
1 , 

2
1 U1 =(;::�	 $ �::��< K�::L

 ;/0+�� "�$��\!K�L �<�!P �G	�6$ ��O  :

4.5x12 + 6x13 + 7x14 + 9x15 + …. + 4.5x42 + 7x43 + 
28<45x12.5 + 44x10.5

 R_ �< �1��4-!"�	$ I/G	�6 v�# *56 *�09 � �1  :

x34 = x43 = x44 = 1
 � �AL �G�/H�! �/�< ��$��! �z = 28*! $��.

;�	 $	$�< K�L







−1
1

 = G 1"�$ �<}!  �3/�+ $ �f ��P

 ���< @P��4-!�!�+�< $�f R_ 	 ��O }56 pZ�:

          Max y
s.t.    d1 –  d2 > y 
          d1+ d2 =1
          d1, d2 ≥ 0



 ��� ������	
� ���� �� � ���	 ���������(&���

@P R_ �< �f)   d =(1,0 � y =1 > 0}! $�� .  	�:�! ���< ��_

α  �+�J �<      �f $�� ;//N? *�	( )( ) 0bAxdU1 >−α+    $�:�   �:<

K�WX�V�$ :

( )( ) [ ] 







−








α+



⇒>−α+

1
1

0,1
2
1,

2
10bAxdU1 >0 → α > 0

 ��::_�::/B1 C�::#1=αI/::G$ 	�::n ;::�	 $ �::f K�::L

U2 = ( 1.5, 0.5) $�:::f ��:::!�+ O	 y:::9 �:::f D�:::�@

U2 = ( 0.75, 0.25)*! � $�� @P �< ��-<	� ;/0+�� "�$��\!

K�L �<*! $ ��O ��P :

5.25x12 + 7x13 + 8x14 + 10x15 + …. + 4.75x42 + 6.5x43 + 
27<45x11.75 + 44x9.75

    R_ �< �1��4-!    *:56 *�09 � �1      "�$��:\! ;:�	 �:< ��:-<	� 

"�	$ I/G	�6 :

x32 =x43 = x45 = 1
�! � � �AL �G�/H�! �/�< ��$�z = 24*! $��. ;:�	 $  K�:L

 	$�< @�j< 0







−
−
1
2

 = G2   � D�:� M:n��!    ;/:0+�� 	$�:<

 *���+)U*=( 0.75, 0.25"�	 .      $ 	$�:< ;:�	 ��:�X	 �:< ��:_

��4-! SNKP @PR��W? 	 �< ��4-!;/0+�� SP *! B1I/:

x4

0
4
7
10
11

x3  +

0
6
9
11
13

x2 +

0
3
4
5
6

x1 +

0
2
3
5
8

Max Z =

26< 4x

0
4.75
6.5
9.75

11.25

x3+

0
7.5
9.5

11.25
14.25

x2 +

0
6.25

9
11
13

x1 +

0
5.25

7
8

10

s.t 

xj  =  ( 1 , 2 , 3 , 4 , 5 )
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 ��O U	���$ �<"}! P��:

x45 =  1, z = 24x35 =  
     $ U	�� ;�	 @�j��4-!        �:B/�< U	�� y9 "�	 }+�� }�L	 
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 2	�::<h��::!OP � }::��< I���::V 	 D�::� �::q		 �:: ��! ;::�	 $ 

>�+    @�<O �< 2	Z#	C       �-! D�� �f� 2��!�J �<�5! �1 �� �/�? q R

 	 �+��+ *! R_�B1 .	   	�< yz� I���V 	 ;�p      � �:+��+ R��:-! 

     �� O	 D$�A��	 �< �:+��	        D�:+O	$�9 �:< *:=,� 450MHz��i

*�L	 �s#�_ "��<�V!"�	 D�� 	��	 .

   ���� $�     O	 RL�_ *?�W��\! ����+  ;/V+�/! R:_   $ ��

  ���$   �+��+ { �-!   ?��A�! $�N<	 p		$ �f}�+	  D�� �q		 ":�	 . $

   ���$ �G��4-!  p	�< Z/+    D$ Rq�:-!    p�:GTP1 }: 	TP5��   �:+��+ 

D$ Rq�:::::-! p	�:::::< � M:::::��,! p�:::::GTP6}::::: 	

TP10�M��,! �+��+ �+��+ { �-!  R:L�_ ����+ � D�� �/ �?

       �+��+ ;�	 $ ����+ ;/V+�/! �< ���? �<  �G  ":�$ �<    ":�	 D�:!P  .

   �f ;�	�<�B<����4-!         D�:� }:��< � �:/ �? �:+��+  �:+	 .  $�:N<	

   �J �< �+��+ Rq�-!�+          I/:��< $�n �f "�	 D�� ��#�J �s+ $ 2	

   �B/�< U	��  E�7	+P�  �  	    	Z#	 >�+ O	 D$�A��	 �<"   ��:L	 ���W��G

D�� "p	�< R_ ��4-!SNKP Z/+ "�$ �<PI��  .

             �:+��+ Rq�:-! $ ����$��\! � ]�G Y<�? E�	�F �/�f  �:<

K�L       ��L�# $ "6	�B�� }#$�=? $	�X	 )��  ���� ( B�:-G� .

 N? p	�<         #$�:=? $�:X �� Z/+ "�	 "�� ��$��! ;//}    ;/:< $ 

             D�:� �:/ �? "�$��:\! �:G E�	�F �^f	�_ � Rn	�_ Q��3!

"�	 .  ���� 2��+��� $�         >�:+ �j "�� O	 E/?�? �<  ��4:-!

�:::+��+(TP)� $	�:::N?  p�:::/J I/�:::=? Q�:::F�!(n)� $	�:::N? 

����$��\!(m) �    $	�:N?  �:G�/?�+�� 	(k)�       ��:L�# �:L$ ;/V+�:/! 

::G $ �::��+��  ��::�$ @P �::+��+ Rq�::-! O	 ��::�$ �(%D- Gap) �

         O	 R:L�_ ;/��:9 � a�:< $��:_ ;/<�:! ]��:6	 �L$ ;/V+�/!

��::�$ @P �::+��+ Rq�::-! O	 ��::�$ �::G $ I���::V 	(% Gap)�

 ���$ @P �+��+ Rq�-! >��? @�/!$ ���+�� ��L�# �L$ ;���0/<

(WORST %D-Gap);/V+�/!  ;�#�� @�!O    p	�:< ;/:0+�� 	$�<

G  ���4-!    �/+�� E-_�< )(T0 ;/V+�/!        �:B/�< U	�:� ;�#�� @�!O 

  �G��4-!    O	 D$�A��	 �<<  �        �:9 � *�a�:< $��:_ p�/J�:f/� $ }B

>�+  	Z#	"  D�� ��L	 ���W��G"    �/+�� E-_�< )(T1   Rf  ;/V+�:/!

#�� @�!O:�< U	�� ;�: �B/ �G-!:��4��	 �<: O	 D$�A< �J�f: p�/



�� ��� ������	
� ���� �� ��� ���	 �������(&�

 @�)J>:�4�P(�3� Y���  	�
� G���0"� 	�
J� �� ���� ?W  ��(� ��������E� 

TP n m k % 
D-Gap %  Gap Worst

% D-Gap
T0 T1 T2 

T3 T2/ T3

TP1 10 10 5 3.02 7.04 9.061 33 109 142 201 0.63

TP2 10 10 10 6.43 14.97 14.05 74 143 217 463 0.58

TP3 15 10 5 7.19 17.04 22.05 88 159 247 652 0.38

TP4 20 10 5 9.94 23.25 26.11 111 320 431 810 0.53

TP5 30 10 5 12.45 26.28 34.06 460 753 1213 1943 0.62

TP6 50 5 7 16.01 34.34 39.88 512 872 1384 2297 0.60

TP7 50 8 10 20.42 39.22 42.71 890 1511 2401 **** -

TP8 40 10 15 17.63 33.04 55.04 698 1069 1767 2658 0.66

TP9 40 15 10 26.53 41.04 58.2 639 1260 1899 *** -

TP10 60 15 15 37.90 54.54 67.38 1012 1420 2432 *** -

 "!�X ���� $ �f p$	�! $*** O	 h/< $ �f "�	 }BN! ;�	 �< "�	 D�� �$ �� % U	�� ;//N? D$ @P $ �+��+ Rq�-! O	

< �B/�< � R/ $"�	 D$�W+ ��8z+��!	 D�� ��L	 ���W��G I���V 	 O	 D$�A��	 �< ��/��-! " �_ p�G�/H�! �/V�0j ��.

�::9 � *�a�::< $��::_�$ }B/	Z::#	 >�::+ "D�::� ��::L	 �::��W��G"

   �/+�� E-_�<)(T2)           �$ $ $�:��! �:L�BX Q��3! Yn	� $ �f

"�	 }�Wn @��� ( �;/V+�/! �B/�< U	�� ;�#�� @�!O  �G4-!��

@��<    O	 D$�A��	 <  �    �9 � *�a�< $��_ p�/J�f�   $ }B/   	Z:#	 >�+

" D�:� ��L	 ���W��G"  �:/+�� E:-_�< (T3)    �:L$ ;/V+�:/! �

  R:_ @�!O $ *��� �#�L ��4:-!   "W:-+ Y:n	� $ �:f   ��$�:�!

@��� $ $���!T2/ T3  "�	.

 �� ���+�� ��L�# ;//N? p	�<% D-Gap  D$�A�:�	 ��O �5<	 O	 

"�	 D�� :

% D-Gap = (UB-OPT)/OPT
      O	 �sB! @P $ �fOPT   � UB  E/?�? �<      �:B/�< U	�:� ��4:-!

        "�	 ;/0+�� "�$��\! I���V 	 O	 RL�_ pa�< �_ � }�L	 .

            $��:_ ;/<�:! ]��6	 @	Z/! ;//N? ����+�� ��L�# �< D��X @�j

  B/��9 � *�a�<}              ;:�	 p	�:< ":�	 �:/A! Z:/+ I���V 	 O	 RL�_ 

�A! O	 �sB! >�% Gap K�:L �<     D�:� D$�A�:�	 �:�O �:5<	 

"�	 :

% Gap = (UB-LB)/OPT
O	 �sB! @P $ �fLB "�$��\! I���V 	 O	 RL�_ ;/��9 �_ 

"�	 ;/0+��.

 R::f O	����4::-! $ �::+��+ 
(��4::-! O	 R::L�_ U	�::� 

    $ ;/0+�� I���V 	��4-!          �:B/�< U	�:� � D$�:f v�L }�L	 

��4-!"�	 D$�< .
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    :< Q��� D�� ��L	  �              ]8:_ 	 	�:f �:/7 |�:�+ � D$�:f �:f

}!�B1 .@�!OP              �:?$�O p$�:! d/:G $ Z:/+ @$�< ��Wn R<�n  O	

�� %"�	 D�0+ ��N# R_ R_	�! .

@��G          $�N<	 �� �< "�	 [,0! ���� $ �f �+�J ��4:-!

  R_P   	Z#	 >�+ ~��? @"   D�:� ��:L	 �:��W��G "   R�:0! �:j$

*! < $��  �   	�:< �f p�\+p        D$ $ $�:��! Rq�:-! E:�7	   p�:G

TP7 �TP9� TP10 �+��+ Rq�-! R_ R/ $ �<   $�:�O �/:-< �� 

  �/��-! " �_ p�G�/H�!      I���:V 	 ��/:�� �< �"   ��:L	 �:��W��G

D��"         :< �:< �:!	 ":-/+ ��8z+��!	   �       O	 R:L�_ $��:_ p�/J�:f

             ��	 R:_	�! @�:�G $ p�/:-< 	�f �/7 |��+ ;/0+�� I���V 	

   < D�� ]8_ }��<  ��\+p       D�:� ��:L	 ���W��G I���V 	 �f 

    �+��+ }!��? R_ �< $�n  D$ ;�	 $ $���! p�G    ":�	 D�:� �:G

  �? �< �f         *:! [,0! D�� �q		 I���V 	 *�	�f @P �< �� $�:� .

            ��/��:-! �+��+ R��-! R_ �f }Nn	�! $ }�_ ��+P E �� ���+



 ��� ������	
� ���� �� � ���	 ���������(&���

~��?   I���V 	 "  D�� ��L	 ���W��G"     :< IGO�< "�	 ��8z+��!	  �

�/J�fp   $��_  "�$ �<         "X�:� �:< ;/0+�� I���V 	 O	 D�!P 

 < R_  �  }! p�/V�0j �\+ < ��	Z#	  �2�\+   ;/< �f
w %   �:?�w %

�#�L"�	$ I/G	�6 �+��+ R��-! R_ @�!O $ *���.

+=������

1. separable nonlinear knapsack problem
2. multiple choice constraints
3. state variable
4. surrogate constraints
5. feasibility test
6. dominancy test
7. surrogate multiplier vector

8. relaxation problem
9. initial upper bound
10. initial lower  bound
11. duality gap
12. partial solutions
13. Benders’ method
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