R
//G:x‘jlm!-‘i’g! YV-AA P NfeoY ub.w.gu A o)w Y JL.-: sw.)&.@» PL de& ‘5‘.&05:‘5) Q,ﬁa
\uuu.u.ﬂ.d e

9o dlio

S Lo By o anls 0,5 K amlwe o Sy » (5s9 0

S e 5 las Bhd e ey coal) Sl A
Olghs) smo oK1 Ol o g kiga 0 UKl

(VFo)/ed/oV : ol asens Sl ys = VFo VoA oA tdllie L 50)

25 auls D55 SUdI K5 agh 33l pm 50 SLOW Jgy s dels J51s SLIIKSI Jo sla by, gl g aapm 4 e cpl —o S
38 o ol el Kaal O HI Ly (Sl Bl 55 6 slag s (Soolts PBlao 53 ol alex 51 Bies (650 ) By sud e
o) g5 PRIl 3 gy wials 0553 5 (55 SIS w5l (g3mte (513,55 (50 SO oy, Sl eslitnl b fils o s
93 b aels 09,5 Gadl Kol el sla By, 3l el o5, (GemS pl 53 a4l Alies o CBs S p ege Jbe LU (58U K
ol 3 ckials SuaSid 4 5l Dy S Sy g 4 4 b A Al S G 4 i ($3lekin g dals GUadSd e B
osed Olge 4 plad SIS 685 bl dglie Sy, 93 5 4Bl polastl gl by, o sdudge S 4 Ak S aT )
0355 Sl il amlons (g1 003 ZNl olad (U1K 2gy Slar 58 OLL 45 Kpde 0als b by cpl Ol 31 Fg w5 S,

S dal g Ol Ol 8 laals

ok Fhol olad ESIEE By W gs M s,y camls 0955 KD (g5, Oldl gy 1 g kIS slaely

A Review on Techniques of Domain Integrals Computation in
Boundary Elements Method

L. Najarzadeh, B. Movahedian Attar* and M. Azhari

Department of Civil Engineering, Isfahan University of Technology, Isfahan, Iran

Abstract: In this article, a review of the evaluation methods of the domain integrals in the boundary element method will be
presented. The emergence of domain integrals in the formulation of the boundary element method mainly originates from the inertia
term in dynamic problems, body forces in static problems or the effects of material heterogeneity. There are several approaches to
calculate boundary and domain integrals in boundary element methods. Choosing the type of integration method has a prominent
effect on the accuracy of the numerical solution. In this research, a comprehensive review on the techniques of domain integrals
computation will be presented based on two approaches, i.e. domain splitting, and converting the domain integrals to boundary ones.
The review focuses primarily on the formulation of approaches without requiring domain splitting, because of their popularity.
Among them, the dual reciprocity method and the radial integration method have been described as the most efficient. At the end, the
details of the modified radial integration method for calculating the integrals within non-convex domains will be stated.

b.movahedian@iut.ac.ir: S5 xS o (5o J ste 1 *

\a%



g3 wals 853 WIS alone sl 25,5 2 6500

Keywords: Boundary elements method, Domain integrals, Dual reciprocity method, Modified radial integration method.

wsls 0953 JLE! | Sl il e il s o
SR e 4S5 s n s 50 r
(S slae (Ses Un J aals 0
WSl dolas o poas Up L 80 f
Gr o v St ol fi
J:L.MJ.:L}J)) U;j) U‘i‘ 6):).) ML: L;?L.Mabu Lls J}-\J 4.4.).5'4_\

IF5 Y] 55 55 a0l tilen 25 Lad Sk Juls
el V=¥ el el bl
S 50 soladl sy el S5 Sblse 255 o0
J sy s en Ol e LT dax 3 S cl oles
Sop Ol By 58 oslal el s Vsl ol
355 15 eslinal 5550 Ll o Slo3 g Jlews 51 6ok 5
a3l alne BB L ok sl s diles olul - oS
Vsl b Joles (51 2 Lesiens 055 as iy 0l o s
Cire osba LUl el = &8 i o b il
B Plows 5335055 oul 5 eslitl (s (i L
s sgbas L U en s el LOT 53w
<als (g9, 6thJ.<Z\ Sl e 53 s ol LB
Fdleas 1) e 4 e GUuaSid Sy je &S ol Sl
sl B pull J S G050 50 pmper Ar3 e 13
Yo 4o ml s 5 sline e Bl gl il
G e Ol g3 b5 T @lF 5 IS s L
Sip J\J,f:.;‘ SV¥ales G‘Pﬁ;‘u\ sl @lj.? ¢ eS8
dlme 53 ol g piliee ATl ol Sl
3o = 5 a2 S bl 5 5 sy » LOT A (Olinta
Gluss i Sl B 5 s (KSS L slad! Sl
S e sl Bles gl 1y Gie gLOWI i, Sl eslizal
el ol BB 6l o3l glaps o sladle s

s & e lily ol 53 V] ol sl SUIG 59

VfoY QL'I...V.:U A O‘)LQ.«-: Y JL« ‘J‘”x"@" BRI LSLQQ';"J)

s wligr 5 ede Jiles 51 (Gl 30 5L
Lo Jeilis O¥slae Jo sl g3de o g, 51 eslanad
S s bt wals =L e sy e JLSE SYsles
Wases 5l (ol 53 Ladp s ()l 3l Olssas (550 oLl
oo onl 3 sk e a8 S S w edige 5 (S psle 5o
D0 S L}J\Ji:'.\ CV¥slas a VSL} Jeil s SYsles
Szl a S e rl ileesly S Asde LS
J T ssde la i) ple diles 5 eddaends Sz S
LSS ol b dalee oy Gl 35505 4 alis
el g e
oz Sl (ol Ll SVslee IS Ol 5l eslazl
ol 4 e el cplaS sl als S g 4 5L ple
5> Sl (lae 5 s silueslel gl p3Y Ol
Slr ) hudgep (Solows Ol o Al dal = LI, ddasl>
bow @ aen Oz oS Gl el odzmy S5 2
Sl Blol o & At bS5 5 ess 50 4 e
S S g s b A o e gleoldl Sy ss s e
g b lsde abe YL C3 L a6 Sl
S Ol S oy pon i = 3,05 ol 5o 4S 0yl
Csy ool aaly S dles OF 51 Ol e w55 e &L
Ol st [l isy 55 el ol S 55 6,8 Gt
5 0l Slinte 5 Jsgrme w033 K3 Sl & [V]

BEWS CRSEP POV WRGNEVINGIN S| W WIP-3 SURT-T Y| N -3

YA



S o g slae Olde o s cosl) Hlow DU

dﬁ}.«fﬁ 6&)50‘) aS Ca.wl ‘5‘)]4 éhul.d\ sz} L;wLw‘
el ol il Ol > gl 5

wals adl Kol amslons sla g, Y

GLoldl iay tudsep 53 spmpe gadl Kl sl

i sl Sl g 5l A a0 IS S a5

i ol Bls s awls JISsl IS s s

b Ol i Voanes b 5T 50 5 s Jols

1= [vfdQ o)
2

J}Cj}@&ﬁébdbwg&jbwcu
gl 3l b s 538 oo s (S50 Oladl iy 55 el
e 03 O lS 5 oS ol Olis alas 5w o abal o
Sl e Olgsa Lol 3l > el o &1 VY]
g b BILSED Gl e il cl S gy
5ot Bles a5l SV Ll s oS V] 5 e
3 S Lsl anels Gladl Sl aloes Oloj 4 4t
55 awly Oy D syl ol gl Kl
ks s sl gileanS -3 AT I VER CORCN P
5345 Wadgn e ym 53, JILSEN 4 anls sladl K3l

Al dal g asls Laaiw)ﬂm.m\;(

J> asls g5l S V-
s s sl ales e ilearnnS L esdle 0 cpl 3
Ol 31 (g3 e 3l0ws 40 Q aals m;)f‘_;a (‘b'd‘ 3 gdowe |5
Do Dleds UL 53 &8 358 0 s Julatos | ilie
T T i I
Loanslis 3wy ol sd o 2LOsss s ol (o
= 4 e LS (o331 Sl s gl a3 gdomn 13l 2,
G SRS Gras rl s e D] s e g SGEs
o 3pi e ol 3pdome Ll ha) 3 el Sy
oS aS (65 soldl (g, Lol glacyse 31 S S

Sps o 3L el dis ol el s

V4

ssle bl o 31 eslinad U1y IS Lo 45 dis s (5,86l
Sl oS wals Sl K5l sl Sl & dalas pshee
S o o SN D s (rl O3 S 4 e
S el (AEM) TS JUT dolrs Loy, das Sy opl 51 S
L bl o b @ 5L O Jalas alies G 0T s
VAQY Il 53 b sl gl ST dolas sl 555 o J
alan iy S O Sigy & Of L b 5 A5 b yma
IA] @l anw 5 S JUT

5 b Ol el Jelis dalae a el b bl
OT L paen ol s dslee G law s Ol5 o |y o 8
Dolee () Js) 55 3ol Jseme (058 i S 2o
O TR VISR S WIS PV VRRE g [ EPUN PSP L P
F Sl 50 soll sy 5 SIUT 5 s, Sl eslial
bl Jo b e bl G oS sy Al S5 5 el
Sl (B35 ol 258 Sl SJUT dsbas Olsie 4 pslas
Lo 5o el 4 S 13 (8] w53 Gy Jles pl5
L ooler Sl doles ol 5,58 51 plawses ol Jlo
b 3 g v az VBl | 55 650 1l 25
Lo 53 b ol Jusl dle 5 Vel Kb
RO B PRSPl AR RENCIPRESCROVAE

S TR E JUERCH NP PP S NI IS
Glosb oy Shas o ol S50 4 dolas S5
BRI O U N PORCIUUMIE RN ES s
Coo 33 &S e s ol L,8 513 s e
5 ole doles b (65,0 K ale Wlan S 13 cl
= 6 i e p SOkl ats S aSle bt
M3 4 Jo et onl il i Os 0T ol
TSy el Ol Siay Olge b oansls ladl Kol 51 eslizal
o ged opl 53 4 3 VY 5 VY] 553 0 axxls (D/BEM)
o LISl 8 e aials bS8 = w0 5L
Sl b S Slizte b abulr Ygems o dlie iz

T B R PN (I [P [PUOM PRI LA

Vfo¥ QL‘I.W.:U A a)Lwi Y Jl.w cmC..@,a BE) Lg:.l.f« LSLAQ‘.:’})



g3 wals 853 WIS alone sl 25,5 2 6500

[F] S ST dolas Jguo! =V gt

Al e
N"(u) = b(x), XeQ
B(u) =9(x), xel
N():linear or nonlinear operator
of order N

XeQ
xel

N(u) =9(x),
B(u) =9(x),
N() : linear or nonlinear operator

[EI(2)u(T) 57 ) 0e = 9()
(a)

oa—.S)\fJ"ﬁ B:22)

(P g2 g‘ﬁjw;rj)@}‘ okl b Sy opl 2
oslitul 3d o bS50 S JILSa) 4 als g, JI Sl
Szl F ol o8 el L0 Sl Vsl sl ol Sl
dalee 53 S sl gme opl 4wl Do SSsele L
bt Gl 300, ) @l (VF=0) s Gaw LY
S [T0] ol sdd 3l sl 5 IS gls b
28 Sl Gl Ml S B onl s IS s
S G 5 S5 4 Ol dslas

ViU=v )
wedp Olg U s Falygly on 8 e dlesl L

j (FV2U — UV)dQ =
Q

I(f@—uﬁj dr
) on on

DSl 145 T 1) ol VPF =0 Sl 45

)

Slamies 53 LY Shes OF avloes gl 5 ol (Y) alal

oo O Jllis sy doles 3 oS 350 0 atdy kb

2 g o dploes

VfoY QL'LW.:U c\ ajw L\CY JL« ‘J«-NJV-G-‘ L 63.1.0 éu&j)

S 3 Ol el 5 e e abl 4 (3050 53 K05 Bk
b Las 5 oS5 slad el Lany L,S e 513 0Ll
s A Gl ol g del LT = oS Lsd e all
3y 50 s Jams oS (3,050 43 Ol o Lig, ool 51DV
ogd 35S eslitul (ol alze 4 b aluel )
Flas J= 55 piis 5l (ol u g anls g3luanS
S5 eslizal 3,50 sl g, Gladl S8l anle gl By
J>Lg‘ﬁdi})w‘j\[‘«]c?f):.[\/\—\f‘g/\]w‘w;
5ol eslinal Gy Blas g1l s 3 S LT SYslee
J 5 el opl cpaman il slal ey J 03 LG =
Sim Sl G a G a5 50 S Y il
Gl ol a5 S w4 wwsls 04,5 ladl Kl avlos gl

Nal

5 IS 4 auls (55, IS Jodks —Y-Y

Lol gy sbdIRS Las LB sl e
G eSS G Gas 2 il bJISS
S 2 isy asde e e gD 65 SOl
Rl RS Glesed (p Sp g Kigh e Bime bl s
s dl S5l ¢ g



S o g slae Olde o s cosl) Hlow DU

&b sk pl s LA Jsbee (55,0 sladl S
dilee bl = 4 VAV =V dolee 5l eslinad LV
o oS aead Jlesl boaslsl 3 5 558 0 ks e WSGY
.,\AJL;‘!A}::L\) S C)JL& caals db{.’b‘
L v.f.d0 = vavlfon _
oV of CY)
£, 2y, To dF+J v,V 40
.[r(o on 18n) 0 & °
ey S spip B S s Gose o Bogl Ko L
JuJLo.h LV]_:VZVZ gﬂq..]g';b} OJJS Lﬁ)\ \) fl:vzfo
‘b;&Q)Mm‘Jdtﬁ\JﬂM&;xj)
JvlfldQ:
Q

(o)
oV of
£ N2y —1dr+J' V.V dQ
jr(l on zan) Q 2 !

S Sosh 4 s ph e LSS Dlads 4yl b )

f  =Vi,
J+21 i - )
Viv,, =V, 1=012,...
g oo aoS e Sl s aals J\J,f:jl 9
Ivofodﬂz
Q

Y

iL(fﬁ;;l)—vm%)jdr i=12,...

Sladsep 4z (V) daly sl G (g S
St ol S8 oK s Al dalp G35 50 4 e
Looslie obosss sl Sle LSS s 4 Slasle [l
odny Vo 450 popart 5 s Sl Sl eslind
93 adsl e alos (63,050 L3 emen [T5 5 TO] o
Slsds il (S 0T oY Kles 8 22550 day
oLl Vo o BN Shes 51550 g0 Sl o
IYV] &S o Jlsds Kead PBlee sl [, MRM
= 03 smsn Sl b e gl Rl esdlen
G e sl il palie ool O s ol
S Al bl hy [TA] 555 e e slacd
) 6l sl sl el 31 LS (RCMRM) * 22550

AN

1d,du 1

T )= — ()
rdr( dr) 27:
Jol> opar Ol daly 5l @SS DL s L
ZJ}JL;a
1,
U=—r(Inr-1 ©)
8r

IS s (V) alasly wals 05,5 JSEN oo 5 ol &

A J.Ab;'— “'.-M’WQ:;’:LSJ')"’
jfde I(f——U—)dF *)

st s Sl B glas s sl S By cpl Bl eslind
V# =a=constant =i~

NGO N W L PN

("MRM) alf.x.r b s,
SYsles > (sl
oS G ol DT A ool (2 28 05l 5 ¥ 5 seeds
J S el Glray Jigy cpl ol SIS s i,
6@&;— 3 glas sazme LQ:SJJL? Dla g Py Lilea u..ql..ul
O s By el 53 [YY] 5,8 e ey VL S e Lo
Rl 20 gz Bl gl masdos SIS s s,
Sl o OF ol Cuge 5 e L8 Sl 5 S0,
Loawglie s oSSl et 3l L;;'—\.s bl « C[::"‘

VA e s alfas B b,

bl 4 Zlal ipd o (Bome aslsl s S ola )
Sle oo ol s I g Sl el S0l
el e W [Yo] g e 3 psbae o S U1K Juis
U @ Ogmlgy el is sl o (sl = sy aelsl s
AL dal g (B xe n )

ViU =A1, V)
oY oles ol o 5l sslial b Oy JISSH 0
.w\ou&@ﬂ‘}xzmvo

&(P)U = IvfdQ j( Ve —)dF "

Vfo¥ QL‘I.W.:U A a)Lwi Y Jl.w cm&.@J BE) Lg:.l.f« LSLAQ‘.:’})



g3 wals 853 WIS alone sl 25,5 2 6500

N-+L N-+L

U= b, f=> af, (am)

=1 =1

Lol ol L Lol daly 8 tzes o8 ol
e - 2+ i - 11 .
JQ‘)_»L;‘: Lafj NG| \Y uP,j_fj S gl uP,j 5P R
(e ol o alss ol Ly el b d\)} 5 stk
by LOT (3G 5 ceiosle Olse & sled b oy
f; LTI P SHNCRIPPSCR VPSR VCON P PR + 2
33 8\f: 05 eslatul 5y5e b Lo gt Ol slaal
el ol SLY J g

é})ﬁf cl.v U_IL”J})JL.(XJ- J}Pm g,u”lj.p M‘J\ DL
J)jTﬁM‘JQ})J J}‘JML)&))AMNJ&)W
Sl v s oasls O350 J\;ﬁl Sole s L S

J' vidQ = 0%
Q

N+L
J'Qv(vzup)dg:Z‘aj.[gv(vzupvj)dgz

N-+L N+L

_ov O, _
E | (@, ——v—2L)dr+ E J. U, VivdQ=
= a’.[r( 1 on on ) = R g

N+L — N-+L
_ov  OUg, _

o | (@, ——v—=21)dl +¢(P a.l,.
§H ], @, Z v ()EH

("RIM) slas g, SIS0 oy,
als Gy LDl hds Gas L YooY Jlu 55 iy, cpl
SHIYAT sl o &1yl sled (o ST bl 550
5 el gl Sl lalss a5 B sped pl oS Ll
oslitul 4 5L Oy 50 4 anls g5, JSE g e bl w
bt ol Sl s s Ol s Y Sles
3 el GB3 pshae il lals il g5, slad! S5l sl
B Jagmme sl e ol aels sladl Ssil gl 45 Il

I polie o & skwas (olad al a5 Sl eslaal b

VfoY QL'I...V.:U A O‘)LQ.«-: Y JL« ‘J‘”x"@" BRI LSLQQ';"J)

.[V‘\]w\ﬁuﬂ.&—b}jw)zzﬁj)

(‘DRM) & 55 Jlis bs,
Sl o ol s S, 5o al8ss bl 5y, 5l eslazl
el i ol 50 IFe] A8 b ,me VAAY UL 55 LL ol
b Seebas Jlas Jo Gl o pmile JS55 sk
0o ol e A eslinad (55,0 laOll a5l eslanad
bl Sl e LOT 2 S an Pl - Gl
e I 5 ot Fls o 333 21500 Sslon
Sheslizal b JLSS L @l s s, 5o Al esls
5 A s Ol Glasseme SWS a Ah G B
3 E ol S g 3,8 e plasl 0T o et il
W23l V] e 53 Ol Of s slas )8

S5 3 el Ssp i ol 3 e BB eSS
Shestinal . conl pslae iy (69,0 b Blew Gl o o )8
S 4 gy Sl mld C3s 558 0 Sob o8
S Salos Blas sl 2,0, pl [Ye] il b iy, e
sl o s Ol Gl sl LLlsss BB desls
4 eme bl ol i e Csle sl aals 050
oot ol oS 558 o -t gla e Sle R
3 DRM Sy, 1 slas )8 51 (glad ges [VY] 5508 o 5
salia BB [TF 5 17 Yo 0] mrle 53 odige il
Bles = 53 DRM Lo, slas,pls 51 Ks S5 o
$ged L Ol opl 1S Cl s 5 SHU lac s by e
22 oy okl s Sl Blas > w0 bg e s )
o Bl By bl 53l el Gl [YATO] el
b el ool = esle e S sl S

fabas A Gl U sl dolae oses Clsr
sosar s Uy (Res maly Jald 3L ¢l
S o3 s Jeol= VAU, =T daly 5l S el
sl 5l b S5 osse 4 Uy il DRM

syhigr S a5 Up o ooy o]

AY



S o g slae Olde o s cosl) Hlow DU

[FY-Fo] Olsy Jomsl s dslas 4 b gy o plih o0 goas Ol b ol o 68005 Jli5 355 55 ooliial 5550 (olad b ol 55 Y g

(f)) elad ol ot

Linear (LR): 1+r
Thin PlateSpline (TPS): r’Inr
MultiQuadric (MQ): /r’ +¢’

Quadratic (QC): 1+r+r?

rZ r3
_+_
4 9
r4 r4
—Inr—-—
16 32
’ 1
——In(c\/r +C +cz)+§(r +4c’r’ +¢ )
oo
4 9 16

oKies 53 Oldes i Slaazies Xiy 1=1,2 (10) alaif,
kb Slass 5> dQ e s s 5 Slass

Sl el ole
dQ =rdrdé (\#)
S Sa g Ol a8 by (=) SO 4 ar s L

C.\.J:y Q‘j:@ u)l;)\fé
rn.

rdé =dI'cos =dI' V)
r

Sl 5 100 OLS 5 osses s o asly @ (V) dlaly s

by 3l esliad
or o xi-xP
—=rn=rnn;, r=—=——-"1-==+ (0A)
on ' ToX, r(xq xP) or

(X, X,) oiin dalo b b gl anls g5, JI=

338 JokS e

[ foxxde= [ 25 FQur o0

Ol 3 as

I:(Q)=_"r1°(xl,x2)rdr (Yo)
0

Xi Slass s 5l (Vo) ol JISE ale sl

Byt Ol oo el nl oS ol Tplad o
X, =XP+1,r V)
(Yo) aaly LSS alos OG1 25050 51 ol 02

AY

Gladl Sal bt iy orl bl 51 S s ol
oxB s i s Gl S 4 wnls Dy 1SS
el s Bl s KT

Bls Wi sln [¥F 5 ¥7] e 53 RIM 5,
L8 5 imd Gla ST 5 b a8 S 580 SCadly 2|
03 ol KA mBs 5wl g5 gl SIS
33 g auwls LD 5 eslital SanVise 5 Bl
Sl & 0l i 5 s gla i Sl &Y slee
S SV IYY] e 53 [¥F 5 0] s s Jsbas 55
e b Bl gsas = 55 LSS Las sl RIM
Sl QU Bles Jo 5 el oo o eslial i
5 S50 by et Lo kase fls 5 [OV-FV] LS
ey s Ghaoo ol Sl esled L OY-0Y] (es
el a8 S 15 0l Sty

L b Jels sdl S5 sl RIM st pe b alsl 3
Gz 4ald 0555 &S Jopo 53038 o il pslae dlals
Slases oKaws S Oboger T a0 4 250 Q
L (r,0) L clase oKaws s (X, X,) iyl
8 ks (A IS 5o pabd) e e a2y S e
0 i) Olboe ala o 5,08 5 ad liatsion oy alasly o358
5y e Ol or o e Al Q) S
X7 —X{ =rcoso
{xg —X5=rsin®

(\0)

VfoY QL:.W.:U A b)Lo..:: n\cY JL.»: LJNW DL ‘52.1.9 LSLAL)‘.:’})



ey &als 0355 GBI KD alows sla 555 » So9,0

(o)

e Source point (&)

e Fidd point

Proomdal) (L) - Pl o ol Slau (g dal) sl gl por o dhil 5 Olie bl M5 sled () Y IS
dr , rdo J‘:"’J‘)é‘.’.)

S5l 4 sl b o wxen gl O (YY) dal, 5o
ol 55 s ale Js 5 (550 b ao semms wen 5 A
133 S o e (i
a=®"b (YY)
ol pshme s 5 S 5 O L p sk D S (550 mE S
=08 olis o O il Jsgee D S (65,5 S L5 5
L eled al s T e Sy Jspmme e ool
35 4 paia Ol bls (YF) daly &8 il ol 5 a1
S Ay Sl & UL 51 las pems VAFA Jlo s LS
S TAS wls o olad wlg 5 ool o3, 0T Ll
lllas 5 cone oo § b0 o fle SIS € i it
al s ) e Ja 4 O] A dal iy e S
Lol 1 LLas ol Bl 53l 3 TTPS ol il slas
O3 eslanad 5y 40 cly* & gl s Sl Ci\j 08 S oS
oAl K S Ll sy BB Sl s seze LS
Ll 25 VAAF le 53 S e A5 1y Il e sKae ablss
Sl el il s L Sl UL 4 el
B R S SIRCIETL= ] LS,
00T LA B yme 5 b4 i N slad S

b(Xk):

M N
Zai¢i(Rk)+ZaM+jpj(xk) X, €R
i1 =l

(Y0)

VfoY QL'I...V.:U A O‘)LQ.«-: Y JL..u cmC..g.c BRI éuuij)

ShOIS e odmn 35050 53 Ll by sy s &) 0w
S e S Wl esde (5SSl eSS
ks oSl sdalin iy blsy g o Solew
Sbis g @U S A g3 5 4 aals sladl Kl s
3 G ) el s LB 535 g 4 AL s
vt JlS ol oJpgme s ol wals SISl sl
dlea ylae ol o3 LULSE LS gl cl Sas s
© Jpgme dalo LSl g8 S wlie DRM 255

By 35 B Flad aly ml Sl Gl seme ) 5o

b.(x) :iaf\q)A(R) (YY)

R=[X—XA| (Jols 5 55,0 B M sl (YY) s o
Olge a5 (1) S5 53 A alaid) (3,18 dlai 1 bl
B o3l 5 53,0 bli oles ol Vg3 08 bli) e
i o o) T oy 2L R Aol (asl e s
1B S L 0Tl oS 558 Ol (Olkse 4ol 5 o o

TY¥] 25 s iy (V) S5 bl 65022

R =+/r? +sr+R? )

c(YY’) 4.]4.") )J

s=2rR.,

R=[x"-x*={RR;, R =x{-x{

(Y¥)

AY



S o g slae Olde o s cosl) Hlow DU

F 3R Jolsh o b3l -Y K&

e Auxiliary point
s (Center of RBF
e Source point
e Field point

S8 93 o b aals 00 6"““"41{:"‘ dwloes (6l ‘;wS M}ébﬁ)&@g@f@;&@@ ‘)S s =Y JS,.:.
[#V-0A] ool slads (5 8 I Kl

Vo35 a0 gl o Blos Sl oo 03 s 0 o>
B 55 s Gldor i sl it OVl Sl eslind
YU s jo 5 bl Gladl Sl sl (il o Losys
Sy ol bl el dlos @ ) diese J Oleg 3,
J= e Obe 5o 2V Coysoms 5 Sk Sl a0
350 Gl Sliiod 3 5 03 Jla, 5 aals sladl Sl
sl a3 S 18 eslinul 5 4> g
S ISl gy s Pl o3 51 ol Sladlas s
fre e 3 e slaaals glil s ilee sl eled
i SIS B Je bl ol sls an S
e Sl 5 S8 et G bl e Dl
s 4l 5 [SaS aha s & Ol bl 5 or o 4l

AO

Lol Jols o bl b (o Lo plitws st 4
Ll $05 8 23 JSS Ll 10 as gars
M
Yap,(x)=0  j=1..N (Y%)
i=1
5 s al G‘}; S5 S Gl oenls Ol Olidss
ol QL;; u.ol:.&: 44"[47 C‘_,S E) vh;— Lgl.éd‘dp—.)&:; =
ElF eSS Sl adsl sl i a8 Gl OV e S
dw 4l e g 93 4l e et glagldesdis L elid al
lagldamraa 51 oslinal col gl Lol sdl eslind
Jo T s [YF] 5 a1y sy <3 VL 4
Ol Bl anbw & L sles (¢, SIS

Vfo¥ QL‘I.W.:U A a)Lwi Y Jl.w cmC..@,a BE) Lg:.l.f« LSLAQ‘.:’})



g3 wals 853 WIS alone sl 25,5 2 6500

Sip Ol sy Canle @ oaxm g b L s Ay el
6);» 6&J‘J§;‘;\ “ Lals J‘Ji,”;\ Ji""’; JJ&'_}) )\ i
w5k 0sl s, 5l pladised aln S e Lodlas
J;LZJ u.i’:_}) ‘J:SJJ@ )\JJJ. d;j) JALJ: cdwls 6)[,&4};.\...“5/
‘-;CLQ..J: 6}5J‘f<:.:‘ Ji’)) E) AJKJJ L;;LZJ u:“ﬁ) MJKJ&;;
33 wdyw@gu:bdo@ﬂuui 5 Lledds e
A.fn.,\..i: C)Lp‘ L;QL&,.; ngg_fJ\JiLl UZ}J Lﬁj""t‘t‘h")

A SO uwﬂﬁjuw L_SLQM(J).) e)w()jh&‘

1. Katsikadelis, J. T., “Boundary Elements: Theory and
Applications”, Vol. 1, UK: Elsevier Science Ltd,
2002.

2. Balas, J., Sladek, J., and Sladek V., “Stress Analysis
by Boundary Element Methods”, Elsevier, 2013.

3. Alatawi, I. A., and Trevelyan, J., “A Direct
Evaluation of Stress Intensity Factors Using the
Extended Dual Boundary Element Method”,
Engineering Analysis with Boundary Elements, Vol.
52, pp. 56-63, 2015.

4. Aliabadi, M. H., “Boundary Element Formulations in
Fracture Mechanics”, 1997.

5. Aliabadi, M.H., “A New Generation of Boundary
Element Methods in  Fracture  Mechanics”,
International Journal of Fracture, VVol. 86, No. 1, pp.
91-125, 1997.

6. Fedelinski, P., “Boundary Element Method in
Dynamic Analysis of Structures with Cracks”,
Engineering Analysis with Boundary Elements, Vol.
28, No. 9, pp. 1135-1147, 2004.

7. Andrade, H. C., and Leonel, E.D., “An Enriched
Dual Boundary Element Method Formulation for
Linear Elastic Crack Propagation”, Engineering
Analysis with Boundary Elements, Vol. 121, pp.158-
179, 2020.

8. Katsikadelis, J. T., “A Powerful BEM-Based

VfoY QL'LW.:U c\ ajw L\CY JL« ‘J«-NJV-G-‘ L 63.1.0 éu&j)

Slaauls JSie 1y 5 ates J ol Sale (Ol
S el te auls 51y 55 Jeudly 45 (g35000 53 mie
JLasl Goy GBS dae > s Tl 3 S0, cpl ol
g Wl s el s e Sl dlies (a5 2Ll

[PV=0AT ol ol a3 S ) 3 eslinul 55 g0 SV

Sy e =Y
Gl Sl als S gl 2 Sosm dlas cpl s
Sl o 1l sy sdadsep 5o edd ol auls 0550
aws 95 4 bas ooy ol (S gauaak &g ol sl

Sire IS 4 LS s e aul gileaenS o e

M\Jajb
1. Kelvin 6. multiple reciprocity method 10. ill conditioned
2. Bessel 7. Helmholtz 11. radial integration method
3. analog equation method 8. recursive composite multiple 12. application points
4. domain boundary element method reciprocity method 13. thin plate spline
5. Galerkin vector method 9. dual reciprocity method 14. augmented RBFs
elr

Solution Technique for Solving Linear and Nonlinear
Engineering Problems, in Boundary Element Method
XVI”, 16th International Boundary Element Method
Conference (BEM XVI), Computational Mechanics
Publications: Southampton, UK., pp. 167-182, 1994.

9. Katsikadelis, J. T., “The Boundary Element Method
for Plate Analysis”, Vol. 1, UK: Elsevier Inc, 2014.

10. Riveiro, M.A., and Gallego, R., “Boundary Elements
and the Analog Equation Method for the Solution of
Elastic Problems in 3-D Non-Homogeneous Bodies”,
Computer Methods in Applied Mechanics and
Engineering, Vol. 263, pp. 12-19, 2013.

11. Tshiguro, S., Nakajima, H., and Tanaka, M., “Analysis
of Two-Dimensional Steady-State Heat Conduction in
Anisotropic  Solids by Boundary Element Method
Using Analog Equation Method and Green's
Theorem”, Journal of Computational Science and
Technology, Vol. 3, No. 1, pp. 66-76, 2009.

12.Carrer, J. A.M., and Telles, J.C.F., “A Boundary
Element Formulation to Solve Transient Dynamic
Elastoplastic Problems”, Computers & Structures,
Vol. 45, No. 4, pp. 707-713, 1992.

13.Carrer, J.AM., and Mansur, W.J., “Alternative
Time-Marching  Schemes  for  Elastodynamic
Analysis with the Domain Boundary Element
Method Formulation”, Computational Mechanics,

AF



S o 5 slhas Ohdgo s o3l i A

Vol. 34, No. 5, pp. 387-399, 2004.

14. Katsikadelis, J. T., “Boundary Elements: Theory and
Applications”, 2002.

15. Beskos, D.E., “Boundary Element Analysis of Plates
and Shells”, Vol. 1, Berlin: Springer-Verlag, 1991.
16.Beer, G., Smith, I. M., and Duenser, C., “The
Boundary Element Method with Programming”,

Vienna, Austria: Springer, 2008.

17.Tan, C. L., “Three-Dimensional Boundary Integral
Equation Stress Analysis of Cracked Components”,
Imperial College, University of London, 1979.

18. Najarzadeh, L., Movahedian, B. and Azhari, M.,
“Free Vibration and Buckling Analysis of Thin
Plates Subjected to High Gradients Stresses Using
the Combination of Finite Strip and Boundary
Element Methods”, Thin-Walled Structures, Vol.
123, pp. 36-47, 2018.

19.Feng, W.Z., Gao X.W., Liu, J.,, and Yang, K., “A
New BEM for Solving 2D and 3D Elastoplastic
Problems without Initial Stresses/Strains”,
Engineering Analysis with Boundary Elements, Vol.
61, pp. 134-144, 2015.

20. Danson, D. J., “Boundary Element Formulation for
Problems in Linear Isotropic Elasticity with Body
Forces”, Springer Verlag, 1981.

21.De Mey, G., Suciu, R., Munteanu, C., and Matthys,
L., “BEM Solution of Poisson's Equation in Two
Dimensions with Polynomial Interpolation of the
Source Function”, Engineering Analysis with
Boundary Elements, Vol. 18, pp. 175-178, 1997.

22. Suciu, R., De Mey, G., and De Baetselier, E., “BEM
Solution of Poisson's Equation with Source Function
Satisfying Ap=constant”, Engineering Analysis with
Boundary Elements, Vol. 25, No. 2, pp. 141-145, 2001.

23.Nowak, A. J., and Brebbia, C. A., “The Multiple
Reciprocity Method: A New Approach for
Transforming BEM Domain Integrals to the
Boundary”, Engineering Analysis, Vol. 6, pp. 164-
167, 1989.

24. Al-Jawary, M. A., “The Radial Integration Boundary
Integral and Integro-differential Equation Methods
for Numerical Solution of Problems with Variable
Coefficients”, Brunel University: London, 2012.

25.Neves, A. C., and Brebbia, C. A., “The Multiple
Reciprocity Boundary Element Method in Elasticity:
A New Approach for Transforming Domain Integrals
to the Boundary”, International Journal for
Numerical Methods in Engineering, Vol. 31, No. 4,
pp. 709-727. 1991.

26.Shiah, Y. C., and Lin, Y. J., “Multiple Reciprocity
Boundary Element Analysis of Two-Dimensional
Anisotropic Thermoelasticity Involving an Internal
Arbitrary Non-Uniform Volume Heat Source”,
International Journal of Solids and Structures, Vol.
40, No. 24, pp. 6593-6612, 2003.

27.Chen, W., Fu, Z. J., and Chen, C. S., “Boundary-
Type RBF Collocation Methods, in Recent Advances

AR

in Radial Basis Function Collocation Methods”,
Springer Berlin Heidelberg: Berlin, Heidelberg. pp.
51-87, 2014.

28.Gao, X. W., “The Radial Integration Method for
Evaluation of Domain Integrals with Boundary-Only
Discretization”, Engineering Analysis with Boundary
Elements, Vol. 26, No. 10, pp. 905-916, 2002.

29.Chen, W., Fu, Z. J., and Jin, B. T., “A truly
Boundary-only Meshfree Method for
Inhomogeneous Problems Based on Recursive
Composite ~ Multiple  Reciprocity = Technique”,
Engineering Analysis with Boundary Elements, Vol.
34, No. 3, pp. 196-205, 2010.

30. Nardini, D. and Brebbia, C., “A New Approach to
Free Vibration Analysis Using Boundary Elements”,
Applied Mathematical Modelling, Vol. 7, No. 3, pp.
157-162, 1983.

31.Partridge P. W., Brebbia, C. A., and Wrobel, L.C,
“The Dual Reciprocity Boundary Element Method”,
Computational Mechanics Publications:
Southampton, 1992.

32. Loeffler, C. F., Mansur, W. J., de Melo Barcelos,
H., and Bulcdo, A., “Solving Helmholtz Problems
with the Boundary Element Method Using Direct
Radial Basis Function Interpolation”, Engineering
Analysis with Boundary Elements, Vol. 61, pp. 218-
225, 2015.

33.Hamzeh Javaran, S., Khaji, N., and Noorzad, A.,
“First Kind Bessel Function (J-Bessel) as Radial
Basis Function for Plane Dynamic Analysis Using
Dual Reciprocity Boundary Element Method”, Acta
Mechanica, Vol. 218, pp. 247-258, 2011.

34.Hamzeh Javaran, S., and Khaji, N., “Complex
Fourier Element Shape Functions for Analysis of 2D
Static and Transient Dynamic Problems Using Dual
Reciprocity Boundary Element Method”,
Engineering Analysis with Boundary Elements, Vol.
95, pp. 222-237, 2018

35.Wen, P.H., Aliabadi, M.H., and Young, A,
“Transformation of Domain Integrals to Boundary
Integrals in BEM Analysis of Shear Deformable
Plate Bending Problems”, Computational Mechanics
Vol. 24, No. 4, pp. 304-309, 1999.

36. Ugurlu, B., “A Dual Reciprocity Boundary Element
Solution Method for the Free Vibration Analysis of
Fluid-Coupled Kirchhoff Plates”, Journal of Sound
and Vibration, Vol. 340, pp. 190-210, 2015.

37.Useche, J., and Albuquerque, E. L., “Dynamic
Analysis of Shear Deformable Plates Using the Dual
Reciprocity Method”, Engineering Analysis with
Boundary Elements, Vol. 36, No. 5, pp. 627-632,
2012.

38. Davies, T.W., and Moslehy, F.A., “Modal Analysis of
Plates Using the Dual Reciprocity Boundary Element
Method”, Engineering Analysis with Boundary
Elements, Vol. 14, No. 4, pp. 357-362, 1994.

39. Soares Jr, R. A., Palermo Jr, L., and Wrobel, L. C.,

VfoY dl:.w.su n\ e)Lo..j: ¢fY de ‘J—rlw DL LS)J..O 6(.&0,:})



) Ll ")‘5)3 ‘5LAJ‘)§:U| wbu ‘5‘.&03‘5)).3‘5)‘9,4

“Application of the Dual Reciprocity Method for the
Buckling  Analysis of Plates with  Shear
Deformation”, Engineering Analysis with Boundary
Elements, VVol. 106, pp. 427-439, 2019.

40.Chen, C.S., Brebbia, C.A. and Power, H., “Dual
Reciprocity Method Using Compactly Supported
Radial Basis Functions”, Communications in
Numerical Methods in Engineering, Vol. 15, No. 2,
pp. 137-150, 1999.

41.Li, J, Hon, Y. C., and Chen, C. S., “Numerical
Comparisons of Two Meshless Methods Using Radial
Basis Functions”, Engineering Analysis with Boundary
Elements, Vol. 26, No. 3, pp. 205-225, 2002.

42. Chanthawara, K., Kaennakham, S., and Toutip, W., “The
Dual Reciprocity Boundary Element Method (DRBEM)
with Multiquadric Radial Basis Function for Coupled
Burger’s Equations”, The International Journal of
Multiphysics, Vol. 8., No. 2, pp. 123-144, 2014,

43. Gao, X.W., “A Boundary Element Method Without
Internal Cells for Two-Dimensional and Three-
Dimensional Elastoplastic Problems”, Journal of
Applied Mechanics, Vol. 69, No. 2, pp. 154-160, 2001.

44.Deng, Q., Li, C. G., Wang, S. L., Zheng, H., and Ge,
X. R., “A Nonlinear Complementarity Approach for
Elastoplastic Problems by BEM without Onternal
Cells”, Engineering Analysis with Boundary
Elements, Vol. 35, No.3, pp. 313-318, 2011.

45.Gao, X.W., “Boundary Element Analysis in
Thermoelasticity with and without Internal Cells”,
International Journal for Numerical Methods in
Engineering, Vol. 57, No. 7, pp. 975-990, 2003.

46.Gao, X. W., Zheng, B. J., Yang, K., and Zhang, C.,
“Radial Integration BEM for Dynamic Coupled
Thermoelastic Analysis Under Thermal Shock
Loading”, Computers & Structures, Vol. 158, pp.
140-147, 2015.

47.Yao, W. A., Yao, H. X,, and Yu, B., “Radial
Integration BEM for Solving Non-Fourier Heat
Conduction Problems”, Engineering Analysis with
Boundary Elements, Vol. 60, pp. 18-26, 2015.

48.Feng, W. Z., Yang, K., Cui, M., and Gao, X. W.,
“Analytically-Integrated Radial Integration BEM for
Solving  Three-dimensional ~ Transient  Heat
Conduction Problems”, International
Communications in Heat and Mass Transfer, Vol.
79, pp. 21-30, 2016.

49.Yang, K., Peng, H. F., Wang, J., Xing, C. H., and
Gao, X. W., “Radial Integration BEM for Solving
Transient  Nonlinear Heat Conduction  with
Temperature-dependent Conductivity”,
International Journal of Heat and Mass Transfer,
Vol. 108, pp. 1551-1559, 2017.

50. Cui, M., Xu, B. B, Feng, W. Z., Zhang, Y., Gao, X.
W., and Peng, H. F., “A Radial Integration
Boundary Element Method for Solving Transient
Heat Conduction Problems with Heat Sources and
Variable Thermal Conductivity”, Numerical Heat

VfoY UL’;«.’U c\ e‘)La..j: c‘fY JL«-N L‘-;\NW DL ébv\f' 6&&})

Transfer, Part B: Fundamentals, Vol. 73, No. 1, pp.
1-18, 2018.

51.Chen, L., Li, K., Peng, X., Lian, H., Lin, X., and Fu,
Z., “Isogeometric Boundary Element Analysis for 2D
Transient Heat Conduction Problem with Radial
Integration Method”, Computer Modeling in
Engineering & Sciences, Vol. 126, No. 1, pp. 125-
146, 2021.

52. Albuquerque, E. L., Sollero, P., and Portilho de
Paiva, W., “The Radial Integration Method Applied
to Dynamic Problems of Anisotropic Plates”,
Communications in Numerical Methods in
Engineering, Vol. 23, No. 9, pp. 805-818, 2007

53. Soares Jr, R. A., Palermo Jr, L., and Wrobel, L. C.,
“Application of the Radial Integration Method for the
Buckling  Analysis of Plates with  Shear
Deformation”, Engineering Analysis with Boundary
Elements,Vol. 118, pp. 250-264, 2020.

54. Schoenberg, 1J., “Metric Spaces and Positive Definite
Functions”, Transactions of the American Mathematical
Society, Vol. 44, No. 3, pp. 522-536, 1938.

55. Micchelli, C. A., “Interpolation of Scattered Data:
Distance Matrices and Conditionally Positive
Definite Functions, in Approximation Theory and
Spline Functions”, Springer, pp. 143-145, 1984.

56. M. A. Golberg, Chen, C. S., and Bowman, H., “Some
Recent Results and Proposals for the Use of Radial
Basis Functions in the BEM”, Engineering Analysis
with Boundary Elements, Vol. 23, pp. 285-296, 1999.

57.Golberg, M. A., Chen, C. S. and Karur, S. R,
“Improved Multiquadric Approximation for Partial
Differential Equations”, Engineering Analysis with
Boundary Elements, Vol. 18, No. 1, pp. 9-17, 1996.

58. Najarzadeh, L., Movahedian, B., and Azhari, M.,
“Stability Analysis of the Thin plates with Arbitrary
Shapes Subjected to Non-Uniform Stress Fields
Using Boundary Element and Radial Integration
Methods”, Engineering Analysis with Boundary
Elements,Vol. 87: pp. 111-121, 2018.

59. Najarzadeh, L., Movahedian, B., and Azhari, M.,
“Numerical Solution of Scalar Wave Equation by the
Modified Radial Integration Boundary Element
Method”, Engineering Analysis with Boundary
Elements,Vol. 105: pp. 267-278, 2019.

60. Najarzadeh, L., Movahedian, B., and Azhari, M.,
“Numerical Solution of Water Wave Propagation
Problems Over Variable Bathymetries Using the
Modified Radial Integration Boundary Element
Method”, Ocean Engineering, Vol. 257, p. 111613,
2022.

61. Zonoubi, K., Movahedian, B., and Azhari, M., ‘The
Solution of Elastodynamic Problems Using Modified
Radial Integration Boundary Element Method
(MRIBEM)”, Engineering Analysis with Boundary
Elements, Vol. 144, pp. 482-491, 2022.

AA



